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ABSTRACT

This study presents the strategies adopted to modify the Proportional Hazard
Model to fit the requirements for forecasting testing within the Collaboratory
Study for Earthquake Predictability (CSEP) experiment. The model was
originally proposed to study the spatiotemporal distribution of M 5.5+
seismicity in Italy, through two spatial models: a regular grid, and a
seismotectonic zonation. A prospective 10-year-forecast test has already been
ongoing since 2005, and the results are available on the internet
(http:/ / earthquake.bo.ingvit). For that test, we have reported the probability
maps of M 5.5+ earthquakes for the next 10 years for the two spatial models.
As the original model is time-dependent, it is updated every year, and also
immediately after the occurrence of a target event, e.g., M_ 5.5. Although
this prospective test is continuing and the model updates probabilities that are
different from those of the CSEP experiments, we argue that a full evaluation
of the model can only be achieved through this CSEP testing, where the
performances of different models are compared using the same rules and tests.
The major modification we have introduced into our model is the simulation
of the expected numbers of events in the exposure time Av. This is performed
considering the probability that an event occurs in At, and evaluating the
change this will cause in the expected number of events. This procedure is
also implemented for the first and second generation of aftershocks.

1. Introduction

In recent years, a multivariate non-parametric statistical
method has been applied in different zones of the World to
study spatiotemporal earthquake occurrence. The model Is
known as the Proportional Hazard Model (PHM), and it
characterizes the temporal dependence of the hazard
function, the empirical trend of which provides an
immediate tool for the recognition of the main
characteristics of the statistical distribution. The hazard
function represents the instantaneous conditional probability
of an occurrence at time t upon survivor until time t. By
studying the empirical trend, it is possible to recognize the
time behavior for earthquake occurrence. The valuable
properties of this model are that it is non-parametric in the
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temporal domain, and it can be used to simultaneously
integrate different kinds of information. As a result, it does
not assume any a-priori statistical distribution of the events,
leaving the data to speak for themselves. This characteristic
is particularly attractive, because it allows investigation of
the physics of the earthquake occurrence process without
forcing any a-priori model (i.e., Poisson, Seismic Gap, Seismic
Cluster, and others). Also, it can account for tectonic/ physics
factors that potentially influence the spatiotemporal
distribution of the events, and it tests their relative
importance.

The PHM has been used to provide a representation
of the spatiotemporal distribution of destructive
earthquakes in Italy (M 5.5+) [Faenza et al. 2003, Cinti et
al. 2004, Faenza and Pierdominici 2007], of medium-sized
central European earthquakes (M 4.0+) [Faenza et al.
2009], and of large earthquakes worldwide (M 7.0+)
[Faenza et al. 2008]. Sketching out the main results, as with
other studies, we have seen that the time cluster of events
is a feature that marks the occurrence of earthquakes
within an area. The time length of the cluster might be a
few vyears; after this time, the distribution of the
earthquakes becomes a Poisson distribution. Of note, the
time clustering appears to be longer than what might be
expected for a typical aftershock sequence, as reported in
Faenza et al. [2004] for Italian seismicity, and in Faenza et al.
[2009] for central European seismicity. This suggests that
the time cluster is a scale-independent feature, both for
magnitude and for areal extension of the sample. We also
note that all of the results have been checked through
independent datasets.

In the light of the results obtained by applying the
model to medium to large Italian seismicity [Faenza et al.
2003, Cinti et al. 2004], we have built a forecasting test for
M, 5.5+ earthquakes in Italy that can be found at:
http:/ /earthquake.bo.ingv.it. This webpage reports two
probability maps for the occurrence of the next large
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Figure 1. The 169 nodes of the regular grid (light gray circles), and the
denser CSEP testing grid (dark gray shading).

events with M_ 5.5+ in Italy (the target events) over the
next 10 years, which were calculated using our statistical
model, the Italian M_ 5.5+ catalog for the last four
centuries, and the two spatial grids. The test is updated
every January 1 and after each target event, and it has been
running since 2005. The test performed satisfactory for the
last strong Italian earthquake, the April 6, 2010, L'Aquila
event with a magnitude M_ 6.3 [Pondrelli et al. 2010], and
for its subsequent event on April 7, 2010, with a magnitude
M, 5.6, as the probability ranking of the area in which
these two earthquakes occurred is among the highest. In
more detail, we updated our maps at the beginning of
January 2009. The main L'Aquila event took place in an
area with a very high probability ranking for both of the
two maps. Specifcally, the main event occurred in a
seismotectonic zone that was ranked sixth out of the 34
highest rankings, and the closest node of the grid had the
second highest probability density (see the webpage in the
results section). As a result of the time cluster behavior
shown by the seismicity, the probability in that area
increased, and thus the second M 5.5+ event occurred in
the area with the highest probability ranking.

Although this prospective testing of the model is
already ongoing, we recognize the importance of including
the model in a larger experiment like the CSEP
[Schorlemmer et al. 2010], together with other forecasting
models. For this purpose, we have modified some of the
constraints of the original model to fit the CSEP
requirement for 5-year and 10-year forecasting. Thus, we
describe here the adjustments that we have made, after a
concise introduction to the statistical model.
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2. The Proportional Hazard Model and its application to
Italian seismicity

The PHM is a statistical model that is used to describe
the spatiotemporal distribution of a point-process, such as
the occurrence of an earthquake. PHM was first introduced
by Cox [1972] and by Kalbfleisch and Prentice [1980]. In this
study, we introduce the basic elements needed for an
understanding of the PHM principles. Its mathematical
formulation was described by Kalbfleisch and Prentice
[1980], Faenza et al. [2003] and Faenza [2005], from which
we have taken our references.

In the formulation, two types of random variables (RV)
are considered: the inter-event time (IET), i.e., the time
interval between two consecutive events; and the censoring
time (CT), i.e., the time between the most recent event in the
catalog and the end of the catalog itself. The crucial point of
the model is to combine the RVs with other information that
can influence the occurrence of the events, which can be
qualitative or quantitative. This information is represented as
explanatory variables, called covariates, which are linked to
each RV; they can be related to the RV itself or to the area the
RV belongs to. This is carried out in terms of a model in which
the hazard function for a generic time t since the last event is:

A(t; z) = A, (t) exp (z) (1)
where A,(t) is an arbitrary unspecified baseline hazard
function, z is the covariate vector and S is a column vector
that provides the weight for each covariate. The hazard
function A(t; z) is therefore composed of two parts: one
with temporal dependence (A,(t)); and the other with
information about the processes carried by other factors
(exp(zB)).

The vector of coefficients B and A(t) are the two
unknown parameters, and these are estimated through a
Maximum Likelihood Estimation strategy [Faenza et al.
2003: section 2; Faenza 2005]. There are some assumptions
made behind this model. The baseline hazard function A(t)
is independent of the covariates z. From a physical point of
view, this implies that the mechanisms of earthquake
occurrence are the same for all z under study; the covariates
z act as a multiplicative factor that can only rescale the
baseline hazard function. The model also assumes that the
spatiotemporal coverage of the catalog used (four centuries;
see below) is representative of the spatiotemporal
distribution of the events.

The evaluation of the hazard function is based on the
empirical survivor function. There is a biunique relationship
between the hazard function and the survivor function:

S(t) = exp(—/:l(u)du) @)

and for the PHM, this relationship becomes:
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St; z) = exp[—fot A, (u) exp(zﬂ)du] = So(t)e"P<zﬁ), (3)

A simple way to display the trend of A(t) is through a
comparison of the empirical survivor function S(t) and the
survivor function of a Poisson process. We applied a
double logarithmic transformation:

u®) = m{—In[S,® ]} (4)
to obtain the RV, u(t), as asymptotically normally
distributed [e.g. Kalbeisch and Prentice 1980, Faenza et al.
2003]. When the transformation of Equation (4) is applied
to the survivor function of a Poisson process, this gives
u () = InA+In(p), where A is the mean of the distribution.
We can then estimate the residuals €(t) as:

€(t) = u(t) — u,®); )

The function €(t) versus t shows the departures of the
empirical survivor function from the theoretical Poisson
distribution as a function of elapsed time. By looking at
Equation (4) and at the relationship between the survivor
function and the hazard function in Equation (2), it is easy
to see that the trend of €(t) has a shape that is comparable to
the trend of A(t) [Kalbfleisch and Prentice 1980].

This model was applied by Faenza et al. [2003] and Cinti
et al. [2004] to Italian seismicity for the time period of 1600 to
2004. Here, we have integrated the catalog used by these two
studies with the bulletin of the INGYV, Istituto Nazionale di
Geofisica e Vulcanologia (Bollettino Sismico Italiano;
http:/ /bollettinosismico.rm.ingv.it/), for the time domain
of 2004 to 2009. In this study, we use the parametric seismic
catalog published by the CPTI Working Group [1999, 2004],
which we have integrated with the more recent data from
the INGV bulletin. To have a more complete set of events,
we considered the earthquakes with M 5.5+ that have
occurred since 1600; the catalog is considered to be complete
for this time-magnitude window [Faenza et al. 2003].

2.1. The two spatial grids:

the geometrical grid and the seismotectonic zonation

The geometrical grid used in Faenza et al. [2003] is a
13x13 grid between the latitudes of 36°N and 48°N, and the
longitudes of 5°E and 20°E (Figure 1). Each node of the grid
is the center of a circle. To cover the whole area, the radius
R of the circle was set at aboutD / x/;, where D is the distance
between the nodes. For such a grid, D = 100 km and R = 70
km. We have considered all of the circles where at least one
M, 5.5+ earthquake occurred over these last four centuries.
For each area, we have calculated the IETs among the
earthquakes inside the circle, and one CT relative to the time
elapsed since the most recent event; the areas that have
experienced only one earthquake have only the CT. The
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vector of covariate z is a two-dimensional vector that
comprises the logarithm of the rate of occurrence and the
magnitude of the event, from which we calculate the IET
and the CT.

The regionalization of Italy applied by Cinti et al. [2004]
(Figure 2) has been used to account for the heterogeneities
both in the tectonic domains and in the spatial distributions
of the earthquakes, using the most up-to-date, complete and
reviewed catalog of active stress indicators in Italy, such as
borehole breakout data, earthquake fault-plane solutions, and
seismogenic fault data. The description of this zonation is
available in Cinti et al. [2004], and it includes 61 zones with
different shapes and dimensions. Only 34 of these zones
experienced al least one M 5.5+ earthquake in these last four
centuries. For each IET and CT, we attach a vector z with the
seven components of: the logarithm of the rate of occurrence;
the magnitude of the earthquake from which we calculated
the IET and CT; the predominant tectonic regime; the known
number of seismogenic faults; the homogeneity of the stress
orientation; the homogeneity of the topography; and the
extent of the area. The defintion of these seven factors is a
consequence of the defintion of the seismotectonic zonation,
and this is fully described in Cinti et al. [2004].

The data in these other two studies showed that only
the component of the weight vector 8 associated to the rate
of occurrence is significantly different from zero. In
practice, this means that the rate of occurrence appears to
be the only important covariate (of those considered) in
modeling the spatiotemporal distribution of moderate to
large earthquakes. Surprisingly, the magnitude is not

Tectonic Regime
[ ] undetermined
- prevalent compressive
- prevalent extensive

[ ] prevalent strike

Figure 2. The seismotectonic zonation from Cinti et al. [2004], figure 1d.
A total of 61 zones defines the hazard regionalization. The tectonic regimes
are shown for each zone.
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relevant in the determination of the time of occurrence of
future events. Therefore, in the application of the PHM to
the CSEP experiment, we used only one covariate, the
logarithm of the rate of occurrence in the area. As previously
mentioned, we applied the PHM to different datasets, from
a local to a global scale. In all of these applications, we
obtained similar results: the only relevant covariate was the
rate of occurrence in the area, and the time-clustering of the
seismicity. Moreover, in Faenza et al. [2008] we studied in
detail the relevance of the tectonic regime in the earthquake
occurrence for large earthquakes worldwide, and we found
no statistical differences between different tectonic regimes
with respect to the hazard functions.

These previous studies also showed an increasing hazard
function after the occurrence of an earthquake (see Figure 3:
the plot of the hazard function using the geometrical grid and
the updated catalog, as described above). This behavior implies
that the probability increases immediately after a target event
in the area, and it decreases until it reaches an approximately
constant value, as expected in a Poisson process. In practice,
this means that the seismic clustering is a prominent aspect of
the time distribution of earthquakes, at least over the first few
years following a moderate to large earthquake; afterwards,
the process becomes almost time independent. These studies
provided the probability map of the occurrence of atleast one
M, 5.5+ earthquake in the next 10 years. The starting point
was the empirical survivor function. Figure 4 shows the
survivor function for the Italian seismicity.

The conditional probability of an earthquake in the next At
years, given the time t since the last event, can be approximated by:

S(t; z) — S(t + 4t; 2)
3@ 2) (6)

P(t, 4t; z) =

where t is the CT, and S(t, z) is the survivor function estimated
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Figure 3. Plot of the residuals of the model as a function of the time
elapsed since the most recent event (CT). The residuals mimic the time
behavior of the A(t).

from the data, i.e., the probability that the next earthquake
will occur at a time longer than t for a vector of covariates z.
Equation (6) is also used for the calculation of the maps on
the webpage.

3. Adaptation of the Proportional Hazard Model for the
CSEP Testing Center

The adaptation of the PHM to the CSEP experiment
required some major modifications. Our starting point, as
also shown on the webpage (http://earthquake.bo.ingv.it),
was a spatial geometrical grid or a seismotectonic zonation
(see above) for the probability of earthquake occurrence,
with the catalog ending on December 31, 2009. The CSEP
experiment is based on a 0.1°x 0.1° geometrical grid (see
Figure 1). For each cell, the expected number of events on
the surface is required, for the magnitude range M 5.0 to
9.0, binned every 0.1 point of magnitude, in the forecasting
time window 4, i.e, 5 years and 10 years.

In the following, the points needed to convert our input
into a suitable input for CSEP are listed:

* Probability of occurrence for the forecasting time window At

While Equation (6) is suitable for our testing webpage
(since we update the map every January 1 and after each
M, 5.5 event, i.e., modifying the CT), it is expected to
underestimate the number of events in the CSEP test.
Indeed, the hazard function of Figure 3 leads to the
definition of a time-dependent probability: the probability
changes with the time elapsed since the most recent event.
Thus, Equation (6) will not include the increased
probability due to the possible occurrence of one or more
earthquakes in A7. To incorporate the events due to the
clustering, we modified the model by simulating the
effects on the probability of the occurrence of
earthquakes in 47. Specifically, we modified Equation (6)
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Figure 4. Empirical baseline survival function (Equation 3) for the Italian
seismicity.



THE PHM FOR CSEP TESTING AREA OF ITALY

S2_new

(%)
iy

Survivor Function
o
v

1%}
w

S2

|

CT + AT1/2

5 CT + AT 10

Elapsed Time

Figure 5. Schematization of Equation (7). The red line shows the probability that accounts for the effects of the seismicity that occurred before 47 and

its increase due to the occurrence of an event at CT+47/2.

to include the change in the survivor function due to the
occurrence of an event during the forecasting time
window 47, such that:

Sl - Sz
P(t, At; 2) = [(&)(1 - P(D) +

S1_S3 new
+ T+1—Sz P(1)

@)
where P(1) is the probability from Equation (6), S, is the
survivor function at the start time of the test, the CT; S, is
the survivor function at the end time of the test, the CT+ A,
if no earthquake occurred in A7. Assuming that one event
occurs at CT+4t/2, S, is the survivor function immediately
before CT+47/2, and S} is the survivor function at time
CT+4rt. Figure 5 shows the representative explanation of
Equation (7). We conditioned the probability in Equation (7)
to the probability that at least one earthquake occurred in 4,
i.e., P(1). We arbitrarily chose the occurrence of the events at
half of the forecasting time window, i.e., AT/2.

The first addendum in the right part of Equation (7) is
the probability that takes into account the effects of the
seismicity that occurred before CT. The second addendum
mimics the increase in probability due to the occurrence of
one event at CT+A4t/2. In this way, we account for the
possibility of having exactly one event inside 47. We can
repeat the same calculations to take into account a second
generation of earthquakes that occurs in the middle of the
interval [CT+4t/2, CT+A4t). If we refer to these additional
earthquakes as the «offspring» and the earthquakes that
generated them (the previous ones) as the «fathers», we have
seen through simulations that the number of offspring at
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each step is about 20% of the number of fathers. This means
that 100 expected earthquakes becomes about 120 when
taking into account for the first generation of offspring, and
124 after the second generation of offspring. We have
stopped at the second generation of offspring, assuming that
the offspring of the third generation are negligible. In any
case, we are aware that the CSEP testing classes downscale
the actual potential forecasting capability of PHM, and that
the most correct way to solve this point is to have the
possibility of updating the model after an earthquake occurs.

* Conversion of moment magnitude M_ into local magnitude M,

On our webpages, we use the moment magnitude M_,

3.0
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1.0f
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0.0

—03% 4.0 4.5 5.0 5.5
M

3.0 3.5 6.0

Figure 6. The magnitude versus frequency relationship of the M events
since 1981 (data from the CSI catalog). The value of b of the GR
relationship is plotted from a maximum likelihood estimation.
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Expected Number of M5.0+ in 10 years
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Figure 7. The number of expected events in the surface units of the CSEP testing grid for the spatial geometrical grid: left, M;5.0+; right, M,6.0+.

while the CSEP testing is adopting the M, from the INGV
seismic bulletin. We adoped the relationship of Castello et al.
[2007]. This leads to M, 5.5 = M, 5.4; the geometrical grid table
and the seismotectonic zonation represent the probability of
earthquake occurrence with M, 5.4 in the next A7 years.

* From probability to number of expected earthquakes

The link between the probability of earthquake
occurrence and number of expected events is carried out in
three consecutive steps. Firstly, we use the formula:

P=1— exp(—put) 8)

where P is the probability, and ut is the number of expected
events in time t with magnitude M, 5.4+, Ny, . -

Secondly, to extrapolate the number of events with
M, 5.0+,i.€. Ny s
with the b parameter equal to 1.00£0:02 (see Figure 6)
estimated from the CSI catalog [Chiarabba et al. 2005, Castello
et al. 2007], using the maximum likelihood estimation
[Marzocchi and Sandri 2003, Sandri and Marzocchi 2007]:

the Gutenberg-Richter relation is applied,

N 1 ObAm

M 5.0+

=N,

My 5.4+

©)

where Am = 5.4 — 5.0.

Finally, the expected number of events in each
magnitude unit of 0.1 is obtained again from the Gutenberg-
Richter relation, with the formula N, ,,,, = N, 107", with
om = 0.1 and M, from 5.0 to 9.0.

The strategy adopted for the spatial distribution is
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different for the regular grid and for the seismotectonic
zonation.

3.1. The regular spatial grid

The input grid is a table that is 169 rows long and 3
columns wide, as the latitude, the longitude of the node of
the circle, and the expected number of events per unit of
surface (km?). To spread this Table on the 0.1°x 0.1°
forecasting grid, we adopted the following strategies:

« the nodes of the grid with the number of events equal
to 0 (i.e., a circe in which no M 5.5+ has occurred over the
last four centuries) have arbitrary values of an order of
magnitude smaller than the smallest number estimated;

o for each node of the CSEP forecasting grid, the
number of earthquakes per unit of surface is calculated as
the weighted sum, with squared distance, of the values of
the four closest nodes of the grid;

« then these numbers are multiplied by the dimension
of the 0.1°x 0.1° cell.

3.2. The seismotectonic zonation

The adaption of the spatial distribution of the zonation
for the CSEP testing grid was carried out as follows:

« the values are normalized for each area, to have values
per unit of surface (km?);

« the 27 zones with the number of events equal to 0 have
an arbitrary value of an order of magnitude smaller than the
smallest number estimated;

« the nodes of the CSEP testing grid that are inside the
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Figure 8. The number of expected events in the surface units of the CSEP testing grid for the seismotectonic zonation: left, M, 5.0+; right, M, 6.0+. The

zonation has been drawn as a proxy.

zonation take the value of the respective zone;

» the nodes of the CSEP testing grid that are outside the
zonation take an arbitrary value of two orders of magnitude
smaller than the smallest number estimated;

¢ then these numbers are multiplied by the dimension
of the 0.1°% 0.1° cell.

4. Conclusions

This study presents the rearrangements that we have
carried out to make the PHM model [Faenza et al. 2003,
Cinti et al. 2004] fit the CSEP Testing Center requirements
in the forecasting time windows of 5 years and 10 years.
Although the optimal use of such a model is different from
that for the CSEP requirements (i.e., the model should be
updated every year and immediately after a target event),
we recognize the paramount importance of these
experiments for a full and unbiased verification of an
earthquake forecasting model. In Figures 7 and 8, we show

Geometrical grid Zonation
10 years 5 years 10 years 5 years
M 5.0+ 13.01 6.48 12.34 6.16
M 6.0+ 1.30 0.65 1.23 0.62

Table 1. Expected number of earthquakes for the 5-year and 10-year
forecasting classes, over the whole territory under investigation, for the
two spatial zones.
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four forecasting maps, two for the regular spatial grid, and
two for the seismotectonic zonation. The forecasting time
window is 10 years, and the maps show the expected
number of events with M, 5.0+ and M, 6.0+. From Figures
7 and 8, we can see that the spatial model affects the results
strongly, since in the regular spatial grid the maximum
number of events is expected in the central Apennines,
while the seismotectonic zonation produces a maximum of
expected number of events in the Calabrian Arch. With this
prospective, the submission of the PHM to the CSEP
Testing Center is a good opportunity to appraise the
effectiveness of the spatiotemporal PHM model. Table 1
also gives the overall number of earthquakes that are
expected for the two testing classes (5 years and 10 years)
and for the two zonations. The seismotectonic zonation
predicts a smaller number of events compared to the
geometrical zone for both of the two classes (e.i., 12.34
versus 13.01 for the zonation and the geometrical grid,
respectively, for the 10-year class).

Acknowledgements. Some of the figures were constructed using the free
software of Generic Mapping Tools [Wessel and Smith 1998].
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