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SuMMARY. — The thermotidal exciting funetion J is considered, for
the absorption of solar radiation by water vapour, according to the model
derived by Siebert. The Mugge-Moller formula for water vapour absorption
is integrated numerically, using experimental data for the water vapour
concentration in the troposphere and the stratosphere. It appears that
Sichert’s formula is a reasonable approximation at low tropospheric levels
but it dramatically overestimates the water vapour thermotidal heating
in the upper troposphere and in the stratosphere. It seems thus possible
that, if the correet vertical profile is employed for J, the amplitudes and
phases of the diurnal temperature oscillations and of the tidal wind speeds
may suffer significant changes from those previously caleulated and pos-
sibly explain the three hours delay of the observed phases from the com-
puted values.

Riassuxro. — 8Si prende in esame la funzione di eceitazione termica
delle maree atmosferiche J, per 'assorbimento della radiazione solare da
parte del vapor acqueo, secondo il modello derivato da Siebert. La formula
di Mugge-Moller per I'assorbimento da parte del vapor acqueo viene inte-
grata numericamente utilizzando 1 dati sperimentali per la concentrazione
di vapore nella troposfera ¢ nella stratosfera. 1 risultati mostrano che la
formula di Siebert fornisce una ragionevole approssimazione nella bassa
troposfera, ma sopravvaluta esageratamente il riscaldamento dovuto ad
assorbimento da parte del vapore acqueo, nell’alta troposfera ¢ nella strato-
sfera. Sembra probabile pertanto che, impiegando il corretto profilo verti-
cale di J, le ampiezze o le fasi delle oscillazioni diurne della temperatura
e della veloeita del vento di marea potrebbero subire variazioni significative
rispetto a quelle calcolate precedentemente, ¢ potrebbero spiegare even-
tualmente il ritardo di tre ore osservato nelle fasi rispetto ai valori ealeolati.

*) Istituto di Fisica — Universita di Bologna.
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INTRODUCTION

The atmospheric tide is an atmospheric oscillation with period
of one solar or lunar day or their integral fractions. Both the Sun
and the Moon produce in fact, tidal forces on the ISarth’s atmosphere
and give rise to periodical, primary horizontal, air motions which arve
related to periodical variations in pressure, density and temperature.

The tidal wind speeds at ground level are only a few c¢m/sec and
are very difficult to detect in presence of much larger meteorological
winds, but the phenomenon of tidal amplilication, resulting from the
upper decrease in air density, causes a nearly exponential increase
in wind speeds which reach 30 m/sec at 100 km altitude.

Barometric oscillations at ground level were the earliest obser-
vational fact to be recorded and were probably known since the 17t
century. Barometrie recordings at tropical latitudes show a twelve-
hourly oscillation in pressure with amplitude of 1.2 mb and maxima
at about 10 a.m. and 10 p.m. local time. At mid and high latitudes
this oscillation is concealed by the much higher, irregular meteoro-
logical processes but it can still be detected through harmonic analysis
applied to many days of data.

Pressure oscillations with periods of 24 hrs, 8 hrs and 6 hrs are
also revealed from harmonic analysis, but the semidiurnal component
is the largest in amplitude and the most regular in geographical dis-
{ribution.

Lunar atmospheric tides are very much smaller than solar tides.
Their average amplitude is only one fifteenth of the semidiurnal tide.
Lunar tides are detectable at tropical stations from barometrie recor-
dings but about one year of data is needed for a reliable determination.
Nevertheless lunar tides play a significant role at high levels and have
great theoretical interest in the study of the atmosphere since they
are due only to gravitational sources which are known exactly.

THIZ TIDAL BQUATIONS

At ground level the barometrie oscillations provide the principal
data on atmospherie tides and the amplitudes of the various periodical
terms are summarized by means of empirical functions of latitude,
longitude and time [Haurwitz (10 1)),
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Let S(p) denote the solar pressure oscillation; then
S(p) = X (a3 cos At* 4 b; sin 2t*) = F¢; sin (At* + &) =3 8 (p) [1]
4=1 A=1 A=l

where: A7 is the period of the harmonic component in days,
t* is the local mean time in degrees,
¢; — aj + bi is termed amplitude of the A -diurnal mode,
= atan a;/b,

Once the analysis of S(p) has been carried out at a large number
of stations regularly distributed in latitude and longitude, its planetary
representation can be obtained. Unfortunately the geographical dis-
tribution of the observing sites is not as even as it would be desirable
but an expansion in, say, spherical harmonics, is not difficult to obtain
for the more regular oscillations. For the purpose of tidal oscillations
however, an expansion in Fourier polynomials in longitude ¢ and
in Hough functions @, in colatitude ¢ for each A1 -diurnal component,
is best suited, e.g. in Chapman-Lindzen (¢). Substituting universal
time ¢ for local time t* according to the relation:

l=t*—9
we [inally obtain

o oo

Ny (p) = 2 X K;_m Qim (9) sin (At + Sp + Eim) =

§==-0 =8

+ o
= 3 X S;,m (p) = > Szi (2]
S§=—0 m =S m=s

is termed a wave family and S;,, a wave type following the ter-
minology of Siebert (¥7).

Tidal fields 8p, 3o, 87, u, v, w are assumed to be linearizable per-
turbations about a basic state po, 0o, T With the atmosphere at rest
(%, v, w are meridional southward, the zonal eastward and the ver-

tical components of the tidal wind velocity 17 in a local reference
frame). The relevant equations are supposed to hold for both the
perturbed fields po + 3p, ... and the basic fields po, ...; further-
more po, 0o, T are assumed to be independent of Iatitude and lon-
gitude so that we can write,

Po(2) = Po(O) e=

where « = [ (¢/RT) d2’ is termed reduced height.



M. B NATEDE

In a reference frame co-rotating with the Earth and with axes
in the meridional direction, toward the South pole, in the East direc-
tion and in the vertical direction, the Kulerian equation of motion
can be written in spherical coordinates r, v, ¢, in the form:

o
R — D mr S
" 2 mr cos J [4]
1 1 D (3 |
- 2 08 —_ - - 0 5
ot + 2oucos d Re s dp \ o + ) 5
e = T U —eec - (6]

where m = 7.292.105 sec! is the angular velocity of the Earth, @
is the scalar potential describing the gravitational tide-producing
force, Rx the Earth’ radius.

The continuity equation can be written as:

030 d oo i 0 7
W o ¥ =
ot dz o2 ]

where 7 is the velocity divergence expressed in spherical coordinates:

1 0 1 dw Qe

V-Vi=1 = Rrsin @ 29 (wsin ) + Ih’;sin J 2

(3]

Finally we can state the energy equation in terms of .J the rate of
heating per unit mass of air:

DT R (68’1' a7, gH Do

", — — - gy ——y = Y ~ . 9

“ T y—1\ae T e &
where ¢, is the specific heat for constant volume
y = epfer = 1.4

RT, . .
I = - is termed scale height
g

and the == term describes the adiabatic heating resulting from the

vertical movement of air.
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The ideal gases equation can also be transformed into a linearized
form by taking the differential of its logarithm:
3p 3T

-0 o 10
P, ) B [ ]

Using equation [10] in [9] to eliminate 87 we obtain:

Dp Wy dn, .. Do

In tidal theory it is convenient to use as fundamental variable the
quantity

1 Dp
o YPo DI

(12]

Now if we let f = fo + 8f stand for any tidal field, we ean write
f as a superposition of wave families f; where:

=1 @) et f=12,
s =0,41,+2, ...
Then we can replace the operators - and - — by 2 and is respectively.

Then we can solve immediately the equations [4-5]:

1A d s cotd /8 p3
4 = - - ) 13
“ 4 Rpo? (f2 — w2) (bz? ' ! ( Vo + ;') [13]
— 2 [cosd D s\ (3 ,
S o T [ N )8
YT IR (fr—w)\ f 39 " sin 19) ( 0o + !") (14]
where f = 2 0 and ¢ = cos 8.

These equations display a singularity at a latitude § where
cos 9| = f but this is not reproduced in the complete solutions as
Brillouin (3) showed.

Using [13-14] in [8] we obtain:
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where F is a second order dilferential operator given by:
;1 L} ( sin ,D\ 1 (3‘_ e »
Tosind W VP — w2 fr—p2\f f2f—up T sinzg) U

Equations [15-12-11-7-6] constitute a set of 5 difterential equa-
tions in the five unknowns 38p, 8o, ¢+, ¥, w, which can be reduced to
a single equation for (¢ alone:

924 ‘AH d (2 i e 0
PRI RN B
02?2 dz V2 [/} 0 22
g dH - i
=7 U G — - 5 ;
e P @=Ly o
— 9
where & — 7 —1 = -
Y ]

In the shallow atmosphere approximation, variations of the tidal
potential £ within the atmosphere can be neglected, since the scale
length for variations of £2 is the Moon-Earth or the Sun-Earth distance.

Equation [17] can be solved by the method of separation of the
variables assuming for (£ a solution in the form:

(5 = L Li, (2) O (9) (18]

If we assume the {(—);f’,, (f))} all n set to be complete for0 < ¥ <=
then .J may be expanded as:

n

and substitution of [18-19] into [17] yields the following set of equa-
tions for L}, and @, separately:

Fo;,=— .. 0} [20]

AL, dH dLj 1 (dH
" (S — ) Sk d(——— k - 21
dzz dz ) dz i\ dz - ) gHh;, (21]

where 1/k], is the constant of separation and hj, is termed equi-
valent depth.

Equation {20} is known as Laplace equation and its solutions
as Ilough functions; eq. [21] is termed vertical structure equation
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or radial equation and the knowledge of the thermal structure of
the atmosphere is needed to find its solutions.

The boundary conditions to be imposed on equation [20], i.e. @,
bounded at both poles, define it as an eigenvalue equation whose
eigenvalues determine the h,’s. From now on we shall drop the suf-
fixes 4 and s, their presence being understood in all the following for-
mulae. Equation [21] may be transformed into a simpler equation,
more suitable for numerical integration, using the substitution:

Ly = exl2 y, where ¢ =  log 17')00 ((f))) [22]
then we obtain:
A2y, 1 (
- 1 - kH 4 = 23
dz2 ‘ Ien (l + dx l Y Y Gln [23]

The reason for applying the transformation [22] is that according
to the law of tidal amplification, y, may be expected to be fairly con-
stant in magnitude at all altitudes.

We can now write the solutions for the other tidal fields in terms
of @, and y, since, if we expand such fields according to the expression:

S = X 8fu () O () [24]
and similarly: £ - ¥ 0, (x) O,

n

we obtain, from equations [153-12-11-10-7-6]:

a Do (()) --?n Y hon (lI/n 1 \ -
S P = 2% LT T — gy 2
oY H 7 er il dr 2 ") (29]
1 (lH" n
H dr
1 dH  dy. .
‘ oL [2 4 . P
T ir ¢ (1 Y H O de dx 26]
H 1 dH el
M\ H dr! il
1 0., dH ‘U’/l’ n MH
'\7v" — I T /2 ) e
> E H de ir ° ‘ o
1 dH [ d H kT .
H dr Vdr 2 yn + i [27]
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1A ‘ dyn 14
Wy = —- !/ --)n — v hn exl- 'id? T \_h" - T-)‘/ [28]
From [13-14-25] it also follows:
w = U () U () and v = X va () Ta (9) [29]
where:
d ot ¥
o e
. 1 ( cos ) d $
‘ n = NV a 31
fr—pu f a9 T sin ¥ ) 1311
'}/(/hu p /(1_1/11 1 R
—_ = P /2 [ — [— n 3.).
SR pwm? k dr 2 Y ) [
'}/.’/’ln " '/(lf/n 1
— i e ——— n 33
Ciker Va2 Y [33]

The vertical structure equation is an inhomogeneous second order
equation and needs two boundary conditions to give the vertical
profile associated with a given Hough mode. At ground level, i.e. at
x - 0, it is usually assumed that the vertical component of the wind
speed is null i.e. that w, = 0 which implies that:

dy, | " H(0) 1\ 1A
v , = Yn (0) = —
dr x — 0 Ton 2 yila

At the upper boundary the condition of bounded amplitudes as & — oo
is used for exponential solutions, and the radiation condition is often
employed for oscillatory modes, which assumes that tidal energy can
propagate only upward. This assumption is not immune from ecriti-
cism since downward propagation of tides, due to reflection in the
thermosphere or excitation in the thermosphere, has been observed
from meteor wind radar measurements (Spizzichino (28)).

It was not before recent years however, that the nature of the
solutions of Laplace equation has been completely investigated,
thanks to the advent of high speed computers. TUntil the investi-
gations of Kato (") and Lindzen (), the equivalent depth had always
been supposed to be positive defined in the wake of the original con-
cept of & as the depth of the ocean in Laplace original equation. Kato
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and Lindzen, independently and almost simultaneously, theoretically
predicted the existence of diurnal (2 = 1) negative modes related to
negative equivalent depths, which are evanescent in the vertical
direction. Negative modes are required in an analytical expression
of the observed diurnal barometric variations and their introduction
stands as the mile-stone in the understanding of diurnal tides.

THE RESONANCE THEORY

From the observation that barometric oscillations are related to
the solar day rather than to the lunar day, in contrast with oceanie
tides, Laplace deduced that the excitation of atmospheric tides must
be thermal in origin.

Kelvin (1), from the observation of the semidiurnal mode pre-
dominance on the diurnal mode, furthermore coneluded that the
atmosphere responds dilferently to excitations of different periods
and envisaged a selective resonance amplification of the semidiurnal
pressure mode, since the temperature oscillation displays a main
dinrnal component. In the frame of tidal theory, resonance is not
only related to the period of the driving force compared to the period
of free oscillations of the atmosphere, but also the equivalent depth
of the amplified wave type must be in proximity of the free oscillation
eigenvalue & as determined from the homogeneous equation associated
with the vertical structure equation, when J. is set equal to zero.
Margules (20), assuming a simple model atmosphere with constant
temperature profile and isothermal changes of state, solved the ver-
tical structure equation and found a qualitative agreement with the
resonance theory.

Lamb (18.16) extended the tidal equations to the case of an auto-
barotropic atmosphere, i.e. an atmosphere in conveetive equilibrium
with adiabatic changes of state, and later found the atmospheric
eigenvalue h = H(O) in close proximity to the S, equivalent depth.
Once the selective resonant mechanism was devised to account for
the solar semidiurnal predominance in the barometric oscillations, it
was no longer necessary to assume a thermal source of excitation,
since the small value of the lunar tide is automatically accounted for
in terms of its dilferent period, unsuitable for resonance magnification.

Lamb in fact assumed a gravitational excitation and found that
the magnilication needed to explain the observed amplitude of the
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solar semi-diurnal oscillation must be 80-90 times the equilibrium tide,
which corresponds to a period of free oscillation not more than two
or three min. far from 12 hours. However the phase of maximum
amplitude occurs before noon, while the time of maximum gravita-
tional excitation is at noon solar time or even later due to friction
and inertia of air.

Chapman (°) succeeded in explaining the phase of maximum,
which is 155° at tropical latitudes, introducing also a thermal exci-
tation into play. He assumed the thermal driving force to be due to
eddy conductivity from the ground to the lower atmosphere. Using
a simple model with constant eddy transport conductivity, (thapman
found a phase of 195° for the thermal excitation and concluded that
both gravitational and thermal tides contribute, in nearly equal
amounts, to the observed amplitude. A resonance magnification of
about 100 times was needed to match the amplitude.

In the mean time ballon-borne sondes increased the knowledge
of the thermal structure of the atmosphere, that turned out to be
more complex than assumed by Lamb (1), Bartels (1), assuming a
two layer atmosphere, with a constant lapse rate in the troposphere
and a constant temperature in the stratosphere, found that the atmos-
pheric eigenvalue & is actually 10 km. The same value was later con-
firmed by the analysis of the propagation of the pressure wave produc-
ed in the Kracatoa explosion in 1883 which excited the free oscil-
lations of the atmosphere. A value of A = 10 km implies a free period
of oscillation of 10.5 hrs for the wave type o:.. which is the dominant
semidiurnal type, and attempts to reconcile this value with the re-
sonance theory, by taking into account the influence of the Cordil-
leras in West-America, failed to produce a significant change in the
value of the equivalent depth A3, associated with S3,.

Taylor (28) found a way through such difficulties when he proved
that a model atmosphere may have niore than one eigenvalue and
Pelkeris (2%), using a 5-layers atmosphere, in order to take into account
the mesospheric maximum in temperature, inferred from the obser-
vations of anomalous sound propagation, determined an additional
eigenvalue h = 8 km.

Unfortunately the actual value of the mesospheric temperature
was overestimated by about 50°K and when Jacchia-Kopal (2), using
a correct model atmosphere, repeated the caleulation, the 8 km eigen-
value disappeared and the resonance curve came out to be very similar
to the one obtained by Bartels with a two-layer atmosphere. Since
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this resonance curve gives the correct value for the lunar semidiurnal
oscillation, whose driving force is known exactly, further corrections
of the model atmosphere seem to be ruled out.

These results definitely disproved the resonance theory and thus
also questioned the identification of the driving forces with an eddy
conductivity thermal drive combined with a gravitational drive, since
without. the resonance peak at 8 km the amplification is not even
fourfold.

Once the resonance explanation is ruled out for the observed
predominance of solar on lunar tides, the only possibility is to go
back to the original suggestion of Laplace who estimated thermal
excitation to be the main drive of atmospheric tides. The heating
process however must be a more effective one than eddy conductivity.

THE THERMOTIDAL FUNCTION

Siebert (27) first discussed the thermotidal excitation by direct
insolation of solar radiation absorbed by water vapour in the tropo-
sphere.

Water vapour molecules absorb infra-red radiation directly com-
ing from the Sun through many pressure broadened roto-vibrational
bands centered at 0.94-1.1-1.38-1.87-2.7-3.2-6.3 u. The amplitude of
the temperature variations due to this periodical heating, is small,
but the energy absorbed per unit mass decreases very slowly with
altitude. Which makes H.O absorption one of the main driving force
of tides in the lower atmosphere. Water vapour can hardly escape
the tropopause level, since condensation usually occurs before tem-
perature as low as 220°K are reached. The distribution of H20 ob-
viously depends on the latitude, the season of the year, the ocean-
land distribution and the configuration of the meridional large scale
convective cells (Goldie (7)) which move in latitude during the year
and thus can alter the tropopause level in mid-latitudes; the water
vapour concentration then is subject to large seasonal variations in
the transition region (Mastenbrook (3!)). The water vapour content
in the stratosphere is very low but its measurements are not rou-
tinely available. A few series of observations have been carried out
with instruments especially designed for the high sensitivity and the
fast response time required in the stratosphere. Most of the measure-
ments have been carried out using a frost-point hygrometer flown
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on balloons. Mixing rations measured in this way however, show a
considerable range of variation which has been ascribed to contami-
nation of the measuring apparatus from lower levels. Measurements
have thus been taken recently, during descent flights and data show
a fairly constant mixing ratio ranging from 1 to 4 ppm at each pres-
sure level between 100 mb and 15 mb. Values of the specific humidity
in the lower troposphere at tropical latitudes are given in Newell
et al. ().

The processes of periodic heating produced by the Sun on the
rotating Earth are very complex and it is very difficult to give an
accurate description of them. Thermal action is introduced in the
tidal equations, precisely in the vertical structure equation, through
the thermotidal funetion .J which is a periodic function of time. Ab-
sorption of thermal energy produces an increase in temperature 7
which causes thermal expansion followed by vertical movement of
air, i.e. adiabatic temperature variations T so that the actual change
in temperature is given by their sum: 7 =1t + 1'. If the periodic
deviation of the temperature from the mean value at each level is
small, we may neglect the difference between customary temperature
and potential temperature. Therefore we can write:

= Cn ’bt [34]

where 7 is also a periodie function of time. Expanding J and T ac-
cording to the relations

J o= 3 Ja (2) ya (9,p) ¢ (35]
n
T = E Tn (Z) Yn (l{),(P) [36]
n
we obtain:
r]n(:) = . Tu(z) [37]
R

where we have used the well known formula ¢, i
h
The absorption of solar radiation by water vapour, as a mechanism
for excitation of atmospherie tides, has been discussed by Siebert (¥7).
The energy absorbed by () gr/cm? of precipitable water vapour under
the typical conditions near the ground level can be described through
the empirical formula due to Mugge-Moller (3):
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- . o G- n < <
B = E, (@ sec ()03 cos { ito <§ < [33]
E =0 otherwise

where { is the solar zenith angle
o = 0.172 cal min! gro3 e¢met4

The energy absorption however, depends on temperature and pres-
sure through the absorption coefficient. The linear pressure correc-
tion is then applied as given by Moller (22) and the temperature cor-
rection is neglected in the definition of the optical thickness U:

L
’

v = [onien -2 ax (39)

z
where g, is the density of water vapour. The cos ¢ term in [38] can
be expressed with the aid of spherical trigonometry as:

cos § = cos I sin 3 4 sin J cos d cos t+ = 0 [40]
where
3 is the declination of the Sun
t+ is the solar local time beginning with ¢+ = 0 at noon.
The time of sun-rise or sunset are then given by cos £ = 0. The thermal
energy absorbed per unit mass and unit time is then:

Q] Po
J= e = 03 My — 1
Qo dz Qo ]'0(0)

U-07 ¢cos07 $ [41]
When the harmonic analysis of cos%7 § is carried out we obtain, for
a given value of § and . the daily mean absorption and the A-1 -diurnal
variations of the daily absorption:

Br2 (D) cos®? § = fj C;(9) cosit [42]
i=1

10 <8<
where By (J) —= =
0 otherwise
The coefficients C+(J) are obtained by numerical integration, for
various values of the declination, from:
to
¢+ = -]’_—fdt’*' (cos ) sin § + sin ) cos 8 cos t+)07 cos ¢+ [13]
)
where - to = + arcos(—1g S cot §). Introducing the solar local time
beginning at midnight * we can wrile:
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J =03FE, =" [-07 C;(9) sin (At* + ¢ 44
S0y U7 Gy sin Gt ) ]
The values of the Fourier coefficients Ci, 2 Cy are shown in fig. 1
for § = 00, 220 and their values for § = —22¢ can be obtained from
the values at 8 = 22¢ simply by changing & in (180° — 9).

OC C.l
o —
Fig. 1 — Colatitude distribution of the first three Fourier coceflicients (75

of daily variation of absorption of insolation by water vapour in the tropo-
sphere, determined by analyzing the Mugge-Moller absorption law for solar

declination ¢ = 00 and 6 = £ 220, after Sichert (%), The distribution for
d = — 220 i5 obtained by interchenging the hemispheres.  The phase con-

stants &5 have been noted. The left hand vertical sceale is referred to specifie
hwmidity conditions of 10-* uniformly on the Earth surface.
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At this point the knowledge of the water vapour density distribution
in latitude and altitude is needed. Introducing the mixing ratio ¢
defined as the weight of water vapour in the unit mass of air, we can
write:

0uld,2) = 4(8,2) 00(2) [45]

Following Siebert we can assume that the dependence of ¢ on latitude
and altitude can be separated in the form:

0(9,2) = ¢o(9) 1(?) [46]

where ¢o(¥) is the mixing ratio at ground level.
In meteorology the variable pressure is commonly adopted as
independent variable; we can then use the hydrostatic equation to

transform the variable of integration from z to Y™ in [39]:

Po(O)
dpo = — 0o g dz
s0 that we can write {39] in the form:
0 g1 pete) (ot @)
O 2'9(. __([0 7’&_(7{9_2_) {(7’02 \ 1
ey =, J 20(0) a0y ] Va0 (4]
Doz
Siebert furthermore assumed a simple power law for »r| 1[)' ((0))
' po(2) \ Po(?) | .
|- - 48
! (po(()) Po(O) 48]

From the data then available about the water vapour content in the
troposphere, Siebert found the value of « ranging between 2 and 3
and employed an average value of « = 2.44 in his calculations. TFur-
thermore he assumed that the water vapour profile followed the ap-
proximation [48] up to the top of the atmosphere in order to be able
to work out the integral [47] in closed form. Thus Siebert could elimi-
nate " and g, in [44] obtaining the result:

J = 0.852 Eo07 po(O) 04 qo(9)03 0+ 3 €5 (9) sin (A% - g;)  [49]
i1
Pol?)

where we have used the well known formula Po(0) = ¢,
o
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Thus Siebert found that the altitude variations of J oceur much
slower than in the eddy conductivity model and that water vapour
«an account for a large portion of the tidal oscillations in the tropo-
sphere.

However from analysis of more recent observations which extend
the measurement of the mixing ratio for water vapowr beyond the
troposphere, we have found that, if the assumption [46] can be con-
sidered a reasonable approximation, the imposition of a simple power
law for the vertical distribution of -0, is too unrealistic.

Thus the dependence of J on altitude may be expected to be
significantly affected by a change in the mixing ratio vertical prolile.

In order to establish the extent of this deviation, we have used
the observational data on the specific humidity reported by Newell-
Kidron-Vineent-Boer (22) at various tropical latitudes from ground
level up to the 400 mb level. A simple power law inevitably leads
to an underestimate of water vapour density at low levels and to an
overestimate at higher levels. In order to be able to work out the
integral in equation [47] though, data are needed for the mixing ratio
up to the top of the atmosphere. Measurements above the 100 mb
level have been carrvied out with balloon borne, frost point hygro-
meters, during descent flights at Washington, D.C"., Trindad, W.I., and
Thule, Greenland, for a period of at least two years. These data were
analyzed by Mastenbrook (2) and the average values of the mixing
ratios appear to be constant from 140 mb up to 15 mb and indepen-
dent of latitude. Large seasonal variations are instead present below
the 140 mb level, which are related to variations in the tropopause
height in the course of the yvear. We have used these data in order
to extrapolate the specitic humidity profile above the 400 mb level
at the latitude of Washington in the month of July. The small dif-
ference between mixing ratio and specitic humidity has been neglected.
This extrapolation, combined with an interpolation in order to in-
crease the density of values in a given height interval, allowed us
to work out the optical thickness numerically.

In order to be able to carry out the same analysis at other lati-
tudes, where data are available only in the lower troposphere, a third
degree polynomial for y = log(¢/¢.) in function of r was fitted to re-
produce the observed values at 400 mb and 100 mb, since, as we have
previously mentioned, the latter value is constant in latitude. The
four cocflicients of the cubie f(r) were derived from the four conditions
for f(x) to be tangent to the experimental profile at 450 mb and 100 mb:
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at 430 mb f(z) = Yous, C = 1;{500 -;{400
“s00 — ‘400

and at 100 mb f(z) — wous, Ys00 — Y00

7

01—

Pig. 2 — Vertical profile of y at the equator. Siehert’s profile (8) is compared
with profiles resulting from mumerical integration of cq. {39] and [44] for
cquinoctial (\\) (April) and solsticial (J) (July) conditions, with a cubic
interpolation between 400 mh and 100 mbh where experimental data are
lacking. The vertical scale is lincar in the reduced hight.



82 M. BO ATEDE

The interpolation obtained in this way compares favourably
with the data available at the latitude of Washington in July.
This encouraged the extension of the same procedure to other
latitudinal belts.

The integral in [47] could thus be worked out numerically ap-
plying Simpson rule. The altitude dependence of J has then been
calculated from equation [41] for equinoctial and solstitial conditions
at the equator and the results are compared with Siebert’s profile
for J given by [49] in fig. 2. According to what might have been fore-
seen, Siebert’s result underestimates the function of thermotidal heat-
ing in the lower atmosphere, but it dramatically overestimates its
value in upper levels.

Linzen () used the model derived by Siebert for the diurnal
drive due to H:O absorption in his calculation of the tidal fields below
100 km, so that significant corrections may be expected to be intro-
duced if the correct values of J are used. ILet us design the vertical
dependence of J from altitude, with y(x) whose values can be deduced
from fig. 2 using the usual formula for the reduced height

r = — log (po/ps(0)).

Equation [44] can be re-written, using [46], as:

— 0.3 Bog®? u(0)02 po(0)07 y(x) 3 C(9) sin(it* + ¢;)  [50]

=1

Now the expansion of ¢.°-3C;() in associated Legendre polynomials
of order s = 1 can be easily accomplished, and using equation [37]
we can finally write the A-1-diurnal component of thermotidal ex-
citation due to H:0 absorption as:

izR ] . -
= Z(J?) EST’,;_":(O) P, () sin (2t + sp + Eim) [51]

n nm=

J

P

The values of the coefficients 75,(0) and the phases &5, can be com-
puted and their values for the diurnal, semidiurnal and ter-diurnal
components of .J are given in table 1.

The expression [51] for J; in terms of Hough functiosn, 63,
can now be easily worked out using the coefficients for the transfor-
mation given, e.g., in' Chapman-Lindzen
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TABLE 1
Tim (O) oG Eim
O == ()0 0= L+ 22 =00 § = +2% § = 22
m i=s=1 A=s=1
1 0.158 0.148 1800 1800 1800
2 0.049 1800 0o
3 0.020 0.022 0o (0 0o
+ 0.004 180¢ (o
b 0.002  0.002 180¢ 0o 0o
=s=2 A=s=2
2 ‘ 0.036 0.030 (o (o 0o
3 0.005 180¢ 1800
4 0.003  0.004 (o 1800 180¢
5 0.001 1800 1800
6 0.002  0.003 (o 1800 1800
l=s=3 =85 —3
3 6.4 10-3 5.5 103 (o (o 0o
4 6.5 103 (o 180¢
5 1.3 10~ 0.4 10-3 (o 1800 180¢
6 1.3 10-3 00 1800
7 0.7 10-3 0.7 103 (o 1800 1800

Amplitudes 7, (0) in Celsius degrees and phases of some important
wave families 8 (7) of temperature (see cquation [49]) caused by direct
absorption of insolation by water vapour for § = 00 and § = 4 220, after

Sichert (%),
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The diurnal component of J is by far the most important and
the others will be neglected from now on. Then we can re-write equa-
tion [51], using a consistent system of dimensions, i.e. expressing 2
in sec-i,

Juw = —-— y (x)sin (0t + @) { 0.1537 O, — 0.055 O, +
F 0.062 0, — 0.016 @5 + 0.008 O, [52]

where the coefficients of the @,'s are in Kelvin degrees and higher
order terms have been neglected together with a small seasonal term
which would bring about a contribution asymmetric with respect
to the equator.

Water vapour absorption, however is only one of the heating
processes in the atmosphere below the mesopause.

We have previously discussed the importance of ozone absorption
in the thermal balance of the mesosphere. In spite of its trace amount,
Os strongly absorbs solar radiation; the energy absorbed in a vertical
column of air between 30 and 50 km in the direction of the Sun is
about 2 - 10* erg/em?ec which may be compared with the analogous
value of only 10%rg/em2sec for O: absorption. An empirical model
for Os absorption in the stratosphere and mesosphere which reproduces
with considerable accuracy the observations has been given by Leovy(27).

According to such a model, the diurnal component of the ther-
motidal funection, expanded in Hough functions, is given by the ex-

pression:
e0- 016622y gin - - (2-2") sin (ot - @) By (=) -
1.6308 O_, — 0.5128 O-, + 0.5447 O, +
[53]
where 2’ = 18 km 2 =178 km

(1 itz <z <2’

0 otherwise

In [52] as in [H3] seasonal variations have been neglected together
with higher order terms.



T E T MOTIDAL EXCITING FUNCTION FOR WATER VAPOUR ETC. 85

Equations [53] and [49] were used by Lindzen (®) in his calcula-
tion of the diurnal tidal fields and gave a satisfactory agreement
with the observed amplitudes of the tidal wind speeds in the strato-
sphere and mesosphere.

CONCLUSIONS

The vertical structure associated with a particular Hough mode
can be inferred using an analogy between the homogeneous equation
associated with the vertical structure equation [23] and a wave equa-
tion with a dispersive refractive index proportional to:

[54]

From this wave analogy we see that the value of &, determines the
nature of the vertical structure of a given Hough mode: oscillatory
solutions of the homogenecous equation require »2 < 0, i.e. hy > 0,
while a negative equivalent depth results in »2 > 0 and yields an
exponential solution.

Since the works of Siebert (27) and Butler-Small (*) the amplitude
of the semi-diurnal barometric oscillation, was satisfactorily well un-
derstood in terms of water vapour and ozone heating. However, once
the resonance explanation is ruled out, the question again arises as
to why the more strongly driven diurnal tide gives rise to smaller
pressure oscillations than the semi-diurnal tide. It becomes apparent
that, in contrast with the earlier attitude of the resonance theory,
it is the diurnal mode that behaves in a peculiar way. Butler-Small,
ignoring the existence of negative Hough modes, observed that the
diurnal tide is associated with the small equivalent depths kihs,hg
and thus argued that, the vertical wavelength being proportional to
the h,'s, the diurnal tide is suppressed near the ground by destructive
interference of modes excited in different levels of the ozonosphere.
After the finding of the existence of negative modes (Kato (') and
Lindzen (%)), it became clear that, although the explanation of Butler-
Small may contribute to the damping of the oscillatory components
of J:, the principal reason for the observed small amplitude of the
diurnal pressure oscillation near the ground is of a more fundamental
origin: the diurnal drives for ozone and water vapour heating, as given
by [52] and [33] show that most of the diurnal excitation goes into



86 M. BONAFEDE

the negative modes @ @., which are evanescent in the vertical diree-
tion. Physically this means that the energy of these modes is trapped
within the level of excitation and cannot propagate from the drive
level to the ground. In contrast, the semi-diurnal modes all propagate
relatively free.

Still the understanding of diurnal tides cannot be considered
fully satisfactory. The main problem still left to be solved is the shift
of the vertical profile of the theoretical phases from the observed
profile.  Theoretical temperature and wind speeds maxima occur
about 3 hours earlier than maxima observed at Natal, although the
general trend is well reproduced.

Groves (8) examined the possible causes for such displacement
allowing tropospherie and stratospheric heating by HO and Os to
maximize at different times instead of at local noon and simultaneous-
lv, as was previously assumed by Linzen (2°). Using the Natal grenade-
sounding data (Groves (?)) and assuming alternatively one of the two
thermal sources to be exactly known, he found that, if the strato-
spheric heating maximizes a bit more than 1 hour before the tropo-
spheric heating, the diserepancy between observed and calculated phases
is removed. However the physical reason why Os; heating should
maximize earlier or H:O later than noon is not apparent. Then, if
we drop the assumption of different times of maximum for H-O and Os
heating, we are compelled to revise the models of thermo-tidal pro-
cesses or even to revise the assumptions of the classical theory, to
include dissipative processes or background winds in the lower atmos-
phere. However the observations at Natal actually confirm that
dissipative processes are unimportant below the mesopause. In view
of its simple dependence on solar zenith angle the ozone heating model
may be considered reasonably correct. Thus it seems possible that
at least some of the discrepancies can be accounted for by a change
for the height dependence of tropospheric heating from Siebert for-
mula [49] to formula [51].

It may well be, also, that other heating processes, usually ignored
or neglected, play a significant role in the thermal excitation of the
lower atmosphere. Among these, absorption of solar radiation by
suspended particulate matter (aerosols) in the troposphere and lower
stratosphere must be mentioned. Aerosols are injected into the atmos-
phere after big volcanic eruptions which can be powerful enough to
throw dust into the stratosphere where their life-time is very long
due to the absence of any eflicient means of removal. Human activity
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also contributes to increase the dust content over industrial regions.
However the aerosols have spatial variations of concentration, com-
position, shape, size distribution and index of refraction which are
still poorly known. These particles scatter and absorb over the entire
visible and infra-red region of the solar spectrum and may act as
nucleation centers for cloud formation, which can further alter the
absorption of radiation in the troposphere by altering the cloudiness.
Dust reflects a small but significant fraction of the incident solar
radiation back into space and may result in a cooling or heating of
the atmosphere depending on the optical properties of the particles
involved. Braslau-Dave (2) have considered the effect of aerosols on
the total solar energy absorbed, reflected and transmitted by realistic
model atmospheres but devoted their study mainly to long-term
variations. The NASA (1971) BOMEX experiment (2!) investigated
the aerosol absorption at low latitudes and found that it may well
account for a large fraction (between 15 and 50°9,) of the solar energy
absorbed in the lower troposphere below 300 mb. However, in view
of the still poor knowledge of aerosol properties and distribution the
thermotidal function for dust absorption of solar radiation has not
yvet been included in the tidal theory, although it is surely not per-
missible to neglect it completely.
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