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SumMarY. — The importance of a vertical density structure is dis-
cussed for what the hydrologic response and circulation pattern of small
basins are coneerned. The existence of a density stratification is parame-
terized through a penetration depth of vertical mixing, and different physi-
cal situations are analyzed under a specific set of model assumptions and
in basins of sizes similar to the Adriatic Sca.

A specific application is made for the Winter hydrological situation
in the Adriatie.

Riassunto. — Viene discussa I'importanza di una struttura verticale
della densita nel determinare la risposta idrologica ed il campo di circo-
lazione in bacini di piccole dimensioni. La stratificazione verticale della
densita ¢ parametrizzata tramite una profondita di penetrazione del mesco-
lamento verticale. Situazioni fisiche diverse vengono analizzate in base
ad assunzioni specifiche valide per bacini di dimensioni simili al mare Adria-
tico, la cui situazione idrologica invernale viene analizzata tramite un’ap-
plicazione particolare del modello ed il confronto coi dati sperimentali.

1) INTRODUCTION
In this paper, we analyze the dynamical behaviour of small

basins, with geometrical scales similar to those of the Adriatic Sea,
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in which a dominant role in determining the hydrographic response
and the circulation pattern is played by a complex — and a priori
completely arbitrary density structure.

Particular emphasis is given to the importance of the vertical
dependence in the density function through the definition of a “pene-
tration depth’”” Ds, which is the scale depth of vertical change of
the density profile. Ditlerent values of the penetration depth Ds
determine the relative importance of the natural time scales of the
motion, and characterize therefore completely different dynamical
behaviours of the considered basin. A discussion is given of the as-
sumptions involved in adimensionalizing and approximating the equa-
tions of motion, according to the various physical cases defined by
different values of the 1)s and in the context of a regular expansion
procedure in a characteristic small parameter. We then analyze in
detail the specific case which idealizes a characteristic Winter hydro-
logical situation of the Adriatic Sea. This situation has been described
and modelled mathematically in a previous paper (Hendershott and
Rizzoli) (). Here we justify through a rigorous procedure the basic
physical assumption of the over-mentioned model, deriving again
the established fundamental theoretical results which were moreover
confirmed by the experimental evidence (Hendershott-Rizzoli; Mala-
notte Rizzoli)

2) TUE GOVERNING EQUATIONS

We consider a rotating, stratified, incompressible, hydrostatic
. . . . D .
(“thin” system, aspect ratio of the basin A = ~. < 1) Boussinesq

fluid. TIn basins of the sizes of the Adriatic Sea, the beta effect can
be neglected; the Coriolis parameter is therefore assumed constant
(f-plane) and given by the average latitude of the considered basin.
1f, moreover, one makes the assumption that density is linearly re-
lated to both temperature and salinity, one can express heat and salt
conservation through a single equation for mass conservation.

We follow the traditional approach in ocean circulation model-
ling of expressing viscous terms through constant eddy viscosity
and eddy diffusivity coefficients. Even if these coefficients represent
a very rough model of the complex dynamics involved in the represen-
tation of the viscous stress terms, this classical line of approach can
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still give a very considerable insight in the understanding of the dyna-
mics of circulation phenomena and it is widely used in recent and
fundamental fluid dynamics studies (Pedlosky) (3:4:5).

In these hypotheses, the dimensionful equations of motion are:

we + wu'y +0uy W —fo = —p'efoo + Aot e + Ay Va2
Ve +wo'e 00y + W' + fu = —p'yfoo + Az + Au Vo'
0=—pofo—yg [

We + 0y + W =0
o0 + 1 0 + 0 0y + W 02 = K9 + Ku Va?p

with the usual meaning of symbols. (*)
Here, subscripts indicate partial derivatives, and:

—_

A, = vertical eddy viscosity coefficient
An = horizontal eddy viscosity coefficient
I, = vertical eddy diffusivity coefficient
K = horizontal eddy diffusivity coefficient
0o — mean density of the basin

Va2 = bi + ® horizontal Laplacian

ouxr? oy?

We proceed therefore to adimensionalize the equations through the
following scales:
@, y') =X (#,y)
2 = Doz

with —d <2 <0 and d = depth/D, is the dimensionless variable
depth;
f=7fb=Fo
Coriolis parameter;
0 =00+ 103 = 9o + 10340 - S

where ¢ is nearly the usual o: (essentially ¢ — o in seas as shallow
as the Northern Adriatic), Ao is its observed maximum spatial vari-
ation and § is the dimensionless density;

(w'yv') = U (u, v)

(*) For completeness, a table of all symbols can be found at the end.



o
Ct
<

P. MALANOTTE RIZZOLI — D. GAZZILLO

with
U = ¢gDe1073 Ac/foX go

as given by thermal wind relationship;

p=pp
after subtraction of the hydrostatic pressure due to the mean den-
sity 0., according to the usual convention, and

P =00103g A0 D,

The chosen scale for horizontal velocities (that is given by ther-
mal wind relationship) plus a realistic choice for the eddy coefficients
in the range of values suitable for basins of sizes comparable to the
Adriatic Sea, imply that we deal with circulation models characterized
by a geostrophic interior and two, top and bottom, Ekman layers.
As in general deep sea circulation models, these IEkman layers will
be used in the context of boundary layer approach to satisfy top and
bottom boundary conditions for the velocity components; they are,
therefore, thin in respect to the total depth.

As a consequence, it can be shown that the vertical velocity '
has a scale depth of vertical change given by the Ekman depth:

= J Luffo
w — W
with
W o= & AuffoDe? - DoU|X

as set by Ekman pumping.
In the case of the Adriatic Sea, the previous scales have the fol-
lowing values:
X =100-200 Km.
Do =100 m.
fo = 101 gect
Ao ~ 0.5 gr/ems?
U ~ 5 em/sec
Ay — K,y — 10%cm?/sec
Ay — Ky =105 em?/sec
De = 10 m.

For what the time scale of the motion is concerned
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we can define three natural time scales of the system:

Twew = X}U advective {ime scale (a)
Tva = D2/K, vertical diffusion time scale (b) (2]
Tna —= X-/Kp horizontal diffusion time scale (c)

According to the dominant physical mechanism, the time scale will
be defined to be [2] (a); (b); (c¢) respectively.

With the choice of these scales, the adimensionalized equations
of motion become:

e e + er( Uz + DUy + MW U) — V= —Pr + Ev U2z + EaVEW
er e + en(vs + vUy + &MWV) + U = —py + EvVz + euViuRe
0 = —p—=8 [3]

Uz + Ty + 120w, = 0
e Se+ uSz + v8y + 2 wS; = I'y Sz: + I'uViu2 S
where
Vi® = 32fox? 4 2oy
and the dimensionless parameters are:
er = 1/foT
with the already mentioned three possible choices for T'
ern = UlfoX
Rossby number (ex = er if the time scale is the advective one)
& — AuffoDo~
vertical Ekman number
en — Anjfo X2
Horizontal Ekman number
Iy — TaadT
1y = Taav|/Tra
Iy — Taaef/Tra
Iy =1; I'r = I'y; I'r = I'y according to the choice for T.

2.1) The penetration depth and the natural time scales of the motion.

To have a suitable parameter directly related to the vertical
structure of the density field, we define a scale depth J)s of vertical
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change of the density profile by supposing horizontal advection and
vertical diffusion to be of the same order:

De=K,X|U (4]

is therefore the depth of penetration of vertical mixing. With this
parametrization, we can express:

Fv = lyndv/lyvd == DHZ/DOE [3]
I'n = Teae/Tua = Ku|XU = Ku Ds2[(K.X?)

With these definitions, it is intuitive to see how the scale of penetration
of vertical mixing Ds is related to the time scale of the motion and,
therefore, to the dominating physical mechanism. If 'y « 1, this
means Ds; « Do and Taar € Tve; the vertical mixing will be limited
to a smaller depth as compared to the total one, that is the time neces-
sary for the vertical diffusive process to produce vertical homogeneity
in the density field will be much longer than the time required by a
water column to make a complete tour in the circulation gyre. If
in this case we choose as time scale the smaller T'qq, we’ll describe
the time evolution of the density field as determined primarily by
advection. The density field, on the other side, will be stationary
(to order zero) when time will have elapsed as to reach the order of
magnitude of the T.. scale.

The opposite situation happens if I'. > 1, that is Ds;> D, or
Taav» Tea. The time necessary for vertical mixing to be complete
is now muech smaller than the advection time. We’ll choose the T'wa
time scale if we want to describe the details of the time evolution
of the vertical mixing process in the density field. If, on the other
hand, we limit ourselves to consider motions with time scales of the
order of Tuqr or larger, these motions will see the vertical distribution
of the density lield as completely homogeneous, and for them the
vertical diffusion process will be essentially instantaneous (7.« = 0).

The time scale T';q is the greatest of the three. In the limit of
time scales of this order, it can be shown, in the context of the ex-
pansion procedure we are exposing in the following, that the density
field 8 has reached the stationary situation, as well as the velocity
field. In fact:
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Being I"; a small dimensionless parameter (in the case of the Adriatie
Ly ~2:102), Tww < Tye. 1t [y>» 1, then T < Tha. In the
opposing limit Iy « 1, Twe and 7'ne can become of the same order
of magnitude, and the choice of either time scale is equivalent to
describe the physical process. We therefore limit ourselves to con-
sider the two time scales T.qv and 7w in the two extreme cases
Iy« 1 and Iy>» 1.

To further specify the physical situation we'll deal with, we make
some assumptions on the relative magnitude of the dimensionless
small parameters appearing in the momentum equation. For what
the time dependence is concerned

if 7T = Tua
itT =T
Therefore, even with a very small Rossby number, in the case of
motions with time scale T'w¢ and [ > 1, the time dependence in the
momentum equations might not be negligible.
We put ourselves in the following limit, which is valid for basins
similar in size to the Adriatic Sea:
en < ep <&kl
'y ~0 (6:;)

With the scales suitable for the Adriatice Sea, in fact,

En = A‘lll/fo‘\v.z ~ 10+ Er = Av/foD02 ~ 10-2
&r = U/fo‘\' ~ 5103 _[’11 ~ 2. 102

In the momentum equations we therefore neglect the non linear ad-
vective terms and the lateral diffusion terms in respect to vertical
diffusion terms, keeping for the moment the time dependence which
might become important in one specific case, as previously mentioned.
Our model equations will be:

Erthy — U = — Pz + Eulhzs
Erty + U = —Ppy + Eul'zz
0= —P — N

Ur + vy + &2, = 0
I'eNe 4+ uSy - oSy + e S, = WSe + i VS
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with:
I'r — 1:er = er (negligible time dependence) if 7' — Tuav
FTIFu;GTZFvER if T'= T

3) THE EXPANSION PROCEDURE AND TUHE DIFFERENT LIMITING CASES

We choose I’y as the small dimensionless parameter characteristic
of the system and we take a power of Iy, let us say %, as the small
parameter of a regular perturbation expansion of all the field functions:

In prineiple, the value of « is completely general. Even without spe-
cifying it, we restrict ourselves to the following hypothesis for what
orders of magnitude are concerned

1'¢ ~ 0 (85172) (8]

which implies 0 < « <1 for the basins we are considering, similar
in size to the Adriatic Sea.

Therefore, to every order in Ij, the velocity field can be split
into a geostrophic interior plus two top and bottom Ekman layers.
The details of Ekman layer analysis will be given in paragraph (4).
With this in mind, let us consider separately the two chosen natural
time scales and, in the context of each of them, the two limiting cases
<1 and [, > 1.

3.]) 1’ - fl’t'(l
The model equations are:

lepuy —v = —Pz + Evlhe:
Lepte + u = —Py + EV::
0O =—p.— AN [9]
U + vy + &0, =0
LeSe + uSz + oSNy + 2N, = 1'Sz: + Ty Vu-8S
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Many subcases might be distinguished according to the relative mag-
nitude of Iy and ['4. We'll limit ourselves, anyway, to the most
significant ones, always in the context of expansion[7].

3.13) va <1

Order zero

—00) = —p O 4 gyl )
w0 = _Z)y(O) + Epz2(0)
S0) — —1)210)

WO 4 vy 0 g 20,0 = 0
w0 L0) | p©)§,©) == (

Order [’y [10]
—p) = __Z,I(l) + Epttz V)
M) = —p,,0 + g,
S = —p,m

+ v, 4+ g2, =0
+ 8,0 4 @S0 4 pMS,0 4§ 08,0 = 0
itr, <1
= 'I’Szz(ﬂj

it ~ 1

with & = g,t2 'y—a ~ 0(1) and » = I, - I"* ~ 0(1) according to [8].
In the horizontal momentum plus continuity equations we have kept
the z-partial derivatives, weighted by &, to mean that, to both or-
ders, the total velocity field must be split into a geostrophic interior
plus two Ekman contributions which decay outside the two Elkman
layers. 1If, in fact, we should consider the Elkman layer equations,
we should first stretch the vertical coordinate in system [9] putting:
7 =gl or z =gz + d) for the top and bottom Ekman layers
respectively, and, in the boundary momentum equations, apply the
formal expansion procedure in /™. The density equations, on the
other hand, are the zero and [} orders of the expansion of the geo-
strophic interior density equations. In this case, as discussed in (2-1),
D; « Do, and the proper time scale to see any time evolution of the
density field to zero order ought to be the smaller Twae. AS T = T'vay
and vertical diffusive processes have a longer time scale, the zero
order field S© is stationary and is a function of a zero order stream
function w® for the velocity, which can be introduced through the
continuity equation of the geostrophie interior (u;* + v,© = 0) that
is: N = f (pO)),
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3.1b) 1<y <egpt!

Order zero

—p0) = —pz0 —+ £41t 2 )
O = —p,®» 4 g.2,,0
S0 = —p,©

We® 4 2,0 4 g,172p,0) = ()

and y =1y - I'ff ~ 0(1)

Order [y (11]
— 1) = — + eyt D)
w1y = -—py(l) —+ &)
Sy = —

w4+ vy 4 g2, = 0
y S 4+ u@®S,0 4 v®S, 0 =y §,,Mm
if Iy ~ I

In this case, we are in the situation in which vertical mixing is a very
rapid process compared to horizontal advection, and we are describing
its time evolution. The zero order density field S© obeys the heat
equation in the vertical direction, the solutions of which are well
known, and should be chosen according to the specific boundary con-
ditions to be applied to N at 2 = 0; -d.

3.1¢) I > 1 and [y > en?

This is the only case in which the time dependence in the mo-
mentum equations becomes important. The velocity field is not steady
any more, and wave behaviours may well be expected to dominate.
The equations for S®©, St remain identical to case (3.1Db).

32) T = Tadv

The model equations are:

—0 = —Pr + Elzs
U = —Py + Evlzz
0O=—p.—48 [12]

Uz + vy + 2w, = 0
S+ uS; + o8, 4+ et2wN, = I'Sze + T

Again, in the context of expansion [7], let us consider the two extreme
cases of a very small or a very big depth of penetration of vertical
mixing.
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3-2a) Ikl

Zero order

—p0) = _I).z(o) + Evuzz(o)
%0 = —p,0 4 g0,
SO = —p,© [13]

U@ 4 vy 0) 4 gyl/2 90,0 = 0
S0 + 08,0 + p@F,0 =

Order I'yo

—p1) = ——17.1:“) + Epllzz 1)
ul) = — —+ &40z 1)
Sy = —pz(l)

_+_ 'U_y/(l) + evll'lusz(l) =0

) ) 0
S £ @80 4 pO1S, 0 4 gOY 0 4 S, 0 L § 8,0 _7

N\ 820
it I« [ it I'y ~
and y =1 -+~ 0(1)

Again 6 = g2 '™ ~ 0(1) according to [8]. Being I, « 1, as pre-
viously noticed, vertical diffusion is slow compared to horizontal
advection. With a time scale characteristic of this latter process,
the time evolution of the density field to zero order is determined only
by advection.

3-2b) In» 1

Among the various possible cases, we restrict ourselves to con-
sider only the one [ ~ I'"* as the most significant.

Order zero

—v @ = —p 0 A £,
240 = .__py(ﬂ) _+_ Epl'22(®)
S©) — —p,©® [14]
U0 4 v, 4 gl = 0
Sz:00 =0
Order ['ya
—) = — D) gyt
w1y = —py(l) + ExV 1)
St = —p.H

V) 4 v, gl ) = 0
N0 f @S0 4 p0)§,0) = y N,
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In this case, we consider motions with time scales of the order of T.a»
or larger; for these motions, the vertical diffusion is essentially in-
stantaneous.

4) THE WINTER PHENOMENOLOGY OF THE ADRIATIC SEA AND THE
RELATIVE MATHEMATICAL MODEL

In the previous paragraph we have examined the detailed form
of the equations of motion for each of the intrinsic time scales Tua»
and T»e, and in the extreme, opposite cases of a very small or a very
big penetration depth D,. We have not tried to give an analytic
solution to each specific case — even when the form of the equations
allowed it — because every system must be viewed in the context
of the physical problem under consideration, with the suitable and
properly chosen boundary conditions. In this paragraph we are con-
cerned with the Winter hydrological situation in the Adriatic sea,
discussed and modelled in the previously mentioned papers (see ref-
erences).

For basing of the shape and dimensions of the Adriatie, the proper
choice and values of the geometrical length seales and of the various
parameters has been already pointed out in paragraph (2).

In considering now specifically the Winter situation, we'll notice
that, in most of the Winter hidrological data at disposal, the fields
of temperature, salinity, and hence density, are verticallyv mixed to
essential homogeneity. This is, in particular, the case of the two
Winter oceanographic campaigns the experimental results of which
we’ll compare with the theoretical predictions, that is the period
January-February 1966 (Trotti 1970) (%) and January-February 1972
(P. Malanotte Rizzoli, in press) (2).

In both these periods, the vertical maps of temperature, salinity,
density show an essentially complete vertical mixing, which, in the
Southern part of the basin, extends to more than 200 m. depth (Fig. 1).
Only a narrow boundary strip adjacent to the italian coastline is
excluded from this situation of vertical homogeneity. In it, the river
outllow — concentrated along the North-Western Italian shoreline —
causes the persistence of a noticeable vertical stratification persisting
also in Winter time.

In the two overmentioned Winters, moreover, there is the for-
mation of a pool of water of particularly high density (o, > 29.4)
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a) Vertical distribution of temperature in o',

Fig. 1 a-h-¢ — P. Malanotte Rizzoli — Cruise January-February 1972 -
Vertieal maps relative to a cross-section of the Adriatic from Porto Civi-
tanova to the lsola Grossa
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1) Vertieal distribution of salinity in 9.
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in the northernmost part of the basin (Fig. 2). This pool protrudes
southward with a characteristie “tail’”’ along the western side of the
Adriatic, following isobath contours.

In both cases, the formation of this dense pool can be connected
(Hendershott-Rizzoli, 1976; I’. Malanotte Rizzoli, in press) (-9 with two
exceptional episodes, anomalous in respect to average meteorological
conditions, characterized by the outbreak of dry, cold air of continental
origin, blowing directly onto the Adriatic from Euroasiatic North-

Eastern regions. These episodes — which lasted in both cases about
15 days — produced exceptionally intense thermal and evaporative

fluxes at the air-sea interface, with, as a consequence, complete ver-
tical mixing of water columns and the formation of the dense water pool.

To describe and reproduce this hydrological situation, a mathe-
matical model has been constructed, vertically integrated over the
water depth, exploring the relative importance which air-sea thermal
fluxes, wind stress, coastal river outflows and water exchange with
the Southern Adriatic do have in determining the lields of transport
stream function y and density 8.

Without entering into the details of the model, given elsewhere
(Hendershott-Rizzoli, 1976) (1) we’ll point out that its primary ideal-
ization, corresponding to the experimental evidence, is that vertical
mixing of heat and salt is complete for what the dynamics of cir-
culation and the evolution of the density field are concerned. This
fundamental hypothesis led, therefore, to assume the density field
depending essentially only upon the horizontal coordinates 8§ — S(x,y).

The dependance of § on the vertical coordinate z was assumed
to be exprixnible through additive terms negligible, in order of mag-
nitude, relatively to the horizontal, dominant term.

This dependance of § on z was considered important only for
what air-sea fluxes were concerned, that is through the boundary
condition at the air-sea interface z = 0 on the vertical flux of density.

This assumption allowed to integrate the equations of motion
vertically, over the water depth, leading to the final model equations
in the two functions, the transport stream function  and the density

No rigorous justification was, anyway, given for this basic hypo-
thesis, and the purpose of the following treatment is, as previously
mentioned, to prove its validity, deriving it through a formal ana-
lytical procedure.

In the context of the development made in this paper, which
through the expansion [7] has led to distinguish the various cases
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Fig. 2 a-bh
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examined in paragraph (3), we are in the situation in which T'vq < Tuav
and I'y > 1.

The vertical diffusion time scale is very small; vertical mixing
can be considered instantaneous (7Twa ~ 0) when dealing with phe-
nomena in which order of magnitude variations in the ecirculation
and density fields occur over times of the order or larger than the
advective time scale. We are therefore in the case [3,2b] described
by the set of equations [14].

To determine completely the solution to zero order, it is sufficient

to couple the zero order system with the order I'j; density equation,
getting:

—0©) = —p, O L g4,
U® = —p,© | £0,,©
S0 = —p.© [15]
Uz 4 v, @ + g2 = 0
Szz(o’ =0

and

8.0 4 48,0 4 g1, 0 =y

As previously pointed out, this notation means that two Ekman lay-
ers are coupled to a geostrophic interior. In fact, applying the ex-
pansion [7] to the interior general equations, the zero order system is:

20) = 1)1(0)

%) — ——py(o)

P® = —S©
U@ + 0,0 =0
8.0 =0

In analyzing the Ekman layers, one must stretch the vertical coor-
dinate according to z = &12z or z = g;!/2 (z + d) for top and bottom
Ekman layers respectively. Then, always in the context of expan-
sion [7], the Ekman zero order system is:

—r® = —p; 0 + -
2w —= _py(o) + @
7);(0) =0

w0 + v,0 4 0-® = 0

S-—-0) — (
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Following the usual procedure of splitting the velocity components
into an interior (geostrophic) part plus an Ekman layer contribution
which must decay outside the layer itself, it can esaily be found that
the IEkman velocities are:

ZlJe . ‘
m;““:c/\ (bsin / z \ 4 ccos/ z \);

\J2
/
0) = ez/‘2 (csin [z \—bcos/ z \)
\ﬁ) Ve )

The integration constants b and ¢ are determined applying the boun-
dary conditions which, for the top and bottom layers, are respectively:

9 'u'totm)/b 2 =0 ('N/inlcrlor(o) ‘+‘ 'u'lz‘((”)/o 2 = Tw?® {

atz = 0
REIYR /l 02 = (vinl(-rlorw) + ’I’E(O))/D = TwY s

where 7w?, Tw? are the dimensionless wind stress components at sea

surface 2 = 0, and

Wiot®) = Uinterior'?) + wp© = 0; P10t = Vinterior® + V50 = 0

at z = —d, no slip condition at the sea bottom. The vertical velocity
component 0we® == Winterior® + wg'® can be easily found from the con-
tinuity equation and top and bottom boundary conditions, in our
case Wepi'® = 0 at 2 = 0, —d. The zero order velocity field is there-
fore completely determined. The most important point to be noticed,
anyway, is that the Ekman layers are boundary layers for what mo-
mentum is concerned but not for the density and pressure fields.
Apart from the physical consideration that the Ekman layer is char-
acteristically the one in which vertical diffusion of momentum is the
dominant process, this can be rigorously shown considering the Ekman
layer form of the density and pressure equations. From these, as
any Ekman correction to the interior fields must decay outside the
layers themselves, it is evident that these corrections must be identi-
cally zero. Therefore, the interior pressure and density determine the
total fields of these quantities.

From the zero order equation S:.® = 0,

N0 = Alet) 2 + Byt [16]
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The proper surface and bottom boundary conditions for the density
are:
IS =60 at z=0; S:=0 atz=-—d

At z = 0, the air-sea interface, the source function ¢ includes all heat
and water vapor fluxes which produce density changes through cooling
and evaporation. At z = —d, no density flux is required through
the sea bottom. In terms of the expansion [7], this means:

[0 - 00 =180 4y 0 =

at z2=0 ; S®M=v.0=...=0 at 2 = —d
From the bottom boundary condition, it follows:
8O = §© (z,y,1) (17]

The zero order density is not vertically dependent. From [17] and
the surface boundary condition, it follows that the proper choice for
the latter is:

Y = () at 2 =0 [18]

It is therefore rigorously shown that, under the set of assumptions
defining our physical system, the zero order density depends only
on horizontal coordinates. The zero order pressure equation can hence
be integrated to give:

PO =z (1) — SO (T,y,) - 2 [19]

where z (z,y,f) is a surface pressure field.
The I order equation for the density can be written as:

8,0 & J (po), S©) =y §,, M [20]
where #® = — w,v ¢® = 4 y,© define a zero-order stream func-

tion through the continuity equation, and J (a,0) =dafdx X dbdy —
dafdy X dbjdx is the Jacobian of the fields a,b.

If J (p©, S®) = 0 — which implies p© = f (§©®) — and if the
source funetion () is only a function of time, the density equation
[20], integrated from top to bottom, admits the exact solution:

"t
S0 = Su® 4 = | 0 @) ar [21]

and S:;© is the density field at ¢ = 0.
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The momentum equations previously discussed, if integrated
from top to bottom and properly treated in terms of a transport
stream function, produce, together with the density equation [20]
also integrated vertically, the model equations of the previously men-
tioned reference, of which equation [21] was a particular solution,
confirmed by comparison with the experimental data.

The only difterence is that the density model equation of Hen-
dershott-Rizzoli maintained a horizontal diftusion term /'5V .28,
which, in the treatment through the expansion procedure [7], will
appear only at higher orders. We must point out, anyway, that the
analysis here made is rigorously valid only in the interior of the basin,
away from side wall boundaries, where horizontal density gradients,
and therefore horizontal diffusion terms, become much more impor-
tant, and can be inferred to be not negligible. Near these side walls,
this expansion procedure in terms of the small parameter [’y ought
to be inserted in the context of a boundary layer analysis, emphasizing
the importance of the diffusion processes responsible for the mixing
of the coastal fresh water with the denser one of the interior, and
therefore bringing to zero order the horizontal diffusive term.

In the mathematical model previously mentioned, no distinction
was made between the interior and the side wall boundary, the model
describing the evolution of circulation and density fields in the whole
of the basin. The diffusive term, even weighted by Iy, was therefore
necessary to allow for the mixing of coastal and interior waters, and
appeared to be of fundamental importance in determining the time
evolution of the properties of the basin.

Even with these points in mind, the preceding analysis shows
that, for a sea like the Adriatic and under the physical assumptions
apt to model a Winter characteristic situation, the main interior part
away from a side wall coastal strip obeys the set of equations [15],
leading to the detailed solutions previously outlined.

5) COMPARISON WITIL EXPERIMENTAL RESULTS

Having rigorously justified the basic assumption S = S(r,y)
of the model, numerical experiments have been carried out; the re-
sults of a typical computation are shown in Fig. 3 and {.

In them, the evolution of the transport stream funection » and
density lield S8 are shown at successive steps of the time integration.
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Fig. 5 a-b - o, as plotted versus dimensionless inverse depth for
the cruise of Winter 1966 (a) and Winter 1972 (b).
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It is evident the formation of the dense water pool centered in the
Northern part of the basin, stretching southward in the characteristic
tail which follows the isobath contours, in very good agreement with
experimental results (compare with Fig. 2).

The transport stream function  shows a characteristic circu-
lation gyre of thermohaline origin, that is determined by the strong
gradients between the light water river outflows along the boundaries
and the dense water of the interior. This gyre is completely indipen-
dent from the forcing boundary condition given at the open southern
end of the basin.

The analytical solution [21] has been, moreover, compared vith
the experimental data at disposal. In Fig. 5 the results are given
relative to the oceanographic cruises of Winter 1966 and 1972 re-
spectively. They both show the linear dependance of ¢, from the in-
verse dimensionless depth 1/d = Do/D = 100 m./D. Excluded from
the linear dependance region are only the undercoastal stations, in
the Western strip adjacent to the Italian shoreline, where, also in
Winter, the vertical stratification persists because of river water out-
flows. This means that, in this coastal strip, the dependance from
the vertical coordinate z must appear in the zero order density funection
S@  and not only in the first order function S as it has been proved
to be valid for the interior region. Therefore, this strip can be con-
sidered as a boundary layer in relationship to the whole of the basin,
and as such, it can be treated with the techniques of boundary layer
analysis, always in the context of the expansion procedure defined
by [7].

6) CONCLUSIONS

Under the definition of a penetration depth, we have pointed

out the variety of mathematical systems — corresponding to widely
different physical situations — which can arise in the context of a

rigorous formal procedure. We have therefore applied this procedure
to the specific case of a Winter hydrologic situation in the Adriatic
Sea, showing how the density field can be assumed, to a zero order
approximation, to be vertically homogeneous, and re-deriving a set
of solutions modelled in a previous paper.

TFor this study to be complete, a boundary layer analysis must
be added to take into account the modifications of the model equa-
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tions describing the interior fields, when approaching a side wall
coastal boundary. 1In it, horizontal diffusion processes — of higher
order in the interior — will become important in producing the local
dynamics of mixing and in influencing as a consequence, the evolution
itself of the interior helds.

Studies in this direction have been undertaken, and considerable
progress is being made.

TABLE O SYMBOLS

4, = vertical eddy viscosity coefficient

Ay — horizontal eddy viscosity coefficient

K, = vertical eddy diffusivity coeflicient

hy = horizontal eddy diftusivity coeflicient

X = horizontal length scale

D, = vertical length scale

f = Coriolis parameter

0o = mean density of the basin

U = velocity scale

do = scale for horizontal variations of density anomaly g,

D, = yJA,/f Ekman depth
Taaw — X/U advective time scale

Tva = Do/Ky vertical diffusion time scale
Tua = X?/Ky horizontal diffusion time scale
L - = 3%/or? -+ 0%dy* horizontal Laplacian
er = 1/f T

er — Ulfo X Rossby number

£y = A,/fo Do* vertical Ekman number

D = K,X/U penctration depth

Ty = Tea/Twa = Di-ID2

I'y = Tea/Tha = Ku/X-U

en = du/fo X2 horizontal Ekman number

d = D/D, dimensionless depth
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