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SuMMARY. — In recent years theoretical seismology has introduced
some formulae relating the magnitude and the seismic moment of earth-
quakes to the size of the fault and the stress drop which generated the
carthquake.

In the present paper we introduce a model for the statistics of the
carthquakes based on these formulae. The model gives formulac which
show internal consistency and are also confirmed by observations.

For intermediate magnitudes the formulae reproduce also the trend
of linearity of the statistics of magnitude and moment observed in all the
seismic regions of the world. This linear trend changes into a curve with
increasing slope for large magnitudes and moment.

When a catalogue of the magnitudes and’or the seismic moment of
the earthquakes of a seismic region is available, the model allows to es-
timate the maximum magnitude possible in the region.

Riassunxto. — Recentemente sono state introdotte in sismologia
teorica alcune formule che legano la magnitudo ed il momento sismico dei
terremoti alla dimensione della faglia ed al rilassamento di sforzo che hanno
generato il terremoto stesso.

In questa nota si introduce un modello per le statistiche dei terremoti
basato su quelle formule. 11 modello da formule che hanno consistenza in-
terna ¢ che sono confermate dalle osservazioni.

Per magnitudo di valore intermedio queste formule riproducono l'an-
damento lincare delle statistiche delle magnitudo e del momento osservato
in tutte le regioni sismiche del mondo. Questo andamento lineare si mufa
in una curva di pendenza crescente colla magnitudo per grandi magnitudo
¢ momento.

8¢ ¢ disponibile un catalogo delle magnitudo e’o dei momenti sismici
di una regione sismica, il modello permette di stimare la massima magnitudo
possibile nella regione.

(*) Istituto di Tisica, Universita di Roma.
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INTRODUCTION

The problem of developing stochastic models for earthquakes
occurrence raised strong interest since the late 1950%s.

The unsatisfactory conclusion after these studies is that statis-
tical models, based on different principles, lead to similar observed
effects because they depend on too large a number of parameters to
allow the fitting of almost any data.

Inspite of the fact that there are plenty of reasons to consider
earthquakes as a deterministic phenomenon, less interst was raised
in the problem of developing mechanical models; we had to wait un-
till 1967 to have an interesting approach with a paper by Burridge
and Knopoft.

At present, to proceed further it is necessary to take a deeper
look at the physical aspect of the various types of process and therefore
to the so called genetic models.

Interesting studies on the mechanism of stick slip have been
made in the laboratory (Brune, 1973; Archuleta and Brune, 1975) (3.1)
measuring particle velocities and stress drop.

A first attempt to provide a genetie statistical model for the
stick slip mechanism was made by Caputo (1975, 1976a) (87) and led
to the conclusion that the so called Ishimoto Iida (I.I., 1939) (12) em-
pirical law can be satisfactory only in a limited magnitude range,
and that even in this range, in some cases, it could be satistactory
only in first approximation; in the same paper evidence was also given
that the b coefficient of the I.I. law, in the intermediate magnitude
range in Europe and the Mediterranean region could be decreasing
with increasing magnitude.

In subsequent papers Caputo (1976b, 1977) (55) used a more
exact formulation of the stress field and generalised the result also
to the distribution law of the seismic moment.

Recently the problem of explaining the above mentioned em-
pirical law has become important because of the practical impli-
cations mostly for engineering purposes. Usually one needs to decide.

1) — wether the law can actually be linear

2) — in which range it is linear

3) — what happens outside of this range, for instance wheather the
slope is decreasing or increasing for small values of MM,

4) — the possibility to prediet the maximum value of magnitude,
seismic moment and fault size in a given region.
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In this note these problems are considered without specifying
the mechanism of the earthquakes which leads to different algebra
and results than in the other notes (Caputo, 1975, 1976a, 1976b,
1977) (5:6.7.8),

It is shown that the property of linearity of the frequency mag-
nitude relation and of the frequency moment relation is independent
of the mechanical model used to represent the earthquakes. The
end points of the intervals where the above mentioned relations are
linear are used to determine the maximum magnitude and the maxi-
mum moment possible in a seismic region when a catalogue of earth-
quakes of the region is available.

THE MODEL

To obtain the model let us consider that a given portion of earth’s
crust is crossed by a system of faults of area S, of linear dimension
1l = 8,

In this model it is assumed that the relaxation of the elastic ener-
gy in the volume 3 around a fault has a limited effect on the stress
distribution in the region; which is true only if the number and size
of the faults is such that the total volume associated with the faults
is smaller than the region considered.

This should be checked in each region where this model is applied.

We assume also that in the system of faults the stress accumulates
linearly with time

et 1]

where ¢ is the rate of stress accumulation, that the stress drop p-po
(p is the stress accumulated and p, is the residual stress) is the same
for all the earthquakes of the same fault, and that the stress drops
to the same value p, after all the earthquakes.

The value of t, returning period of the earthquakes of average
stress drop p—p. on a given fault, is given by

= (p—po)e (2]

where p. is the residual stress, which we assume to be the same after
all the earthquakes. Considering in first approximation that the
faults have a circular area, the formula (e.g. Caputo 1977) (°)
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E =108 = TE g g2 g0

Mo =B (p — po)e L]

relate the magnitude 1A/, the energy F and the seismic moment M,
to the linear dimension [, in a medium of rigidity u for an event of
stress drop p — po, 7 is the factor accounting for the transformation
of the energy released into elastic waves, & and ¢ are geometric fac-
tors, g and y are parameters relating the energy to the magnitude
(e.g. see Bath 1973).

Assuming that DI — ! is the number of faults of the system
with linear dimension I in the range I, I 4+ dl and that P(p — po)e dp
the number of stress drops in the range p — po, p — po + dp, the
number of earthquakes in the range I, I + dl, p — po, P — po + dp
and occurred in the time interval T is

where t is the return period of the earthquakes with stress drop
D — Do-

The average stress drop could have a frequency distribution
constant for all the values of p (« = 0, P = 1), but it could also be
a function of some geometric parameters, (for example of the direction
between the fault and the dominating tectonic force (Caputo 1975,
1976a, 1976b, 1977) (35.7.8), therefore the integral could not be com-
puted unless the relation between p and the above mentioned par-
ameters is known. However, as we shall see there is an interval in
which the values of M or M, can be associated to any stress drop in
the range pi1, p2 of variation of p, and the integration of [4] does not
depend on M or M, In thiscase we can derive some important proper-
ties of the distribution of M and M.

In fact representing ! and p in a cartesian plane, the extremal
values (1, I2) of L and (p1, p2) of p define a rectangle; every point of
this rectangle represents a possible earthquake of the model and the
integral [4] should be computed along the curve defined by [3] and
characterized by the parameters M or M,. Depending on the values
of Ly lo, pn, 2, 9klu, By, 7 we can have two patterns for the paths of in-
tegration as indicated in the Fig. 1a and Fig. 1b, in relation to the
crossings of these curves with the lines = g and p = p2. The most
realistic situation is that of Fig. la.
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A direct integration of formula [4] gives the cumulative distri-
bution functions # (M) and u.(JM.); from these one may then obtain

1
the frequency distribution function n(M) — — ::" ,
no(Mo) = — ({1;110 They have different expressions depending on
the values
My = log 1,3 2 2 <M log )2_}(: ?2 )2 +
Ty 0"2,u1(7'2_7’°)_ﬂ"2 gy
| .

Mo = 113 (p2 — po)]c Moo = 13 (pr — Po)fe

and on the maximum (Mo, M) and minimum (Mow, M) values of
Mo and M.

When M: < M. and Mg < Me these values, called corner
magnitude and corner seismic moment respectively, define the interval
in which n(M) and no(J) are linear.

A direct integration of [4] when M, < Mz (or Mua < Me) for
My < M < My and Momw < Mo < Mo gives
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In the respective intervals where they are linear the distribution
function of M and M, are independent of the distribution function
of the average stress drop; therefore they could be applied to a wide
class of earthquakes mechanisms.

It results also that the slopes B: and Bos of log n(M) and log
To(Mo) in their linear regions are related by

Bs = (B + 1)y [9]

FFormula [9] does not depend on the values of po, «, ».
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THE MAXIMUM VALUES OoF M aAxD M,

The values of Ma and Mo of the seismic regions are of great
interest in many problems, they can be obtained by fitting formulae [8]
to the catalogue of earthquakes of each region.

The direct information which we have on the distribution funec-
tion of the fault size is very scarse; the information on the distribution
of the stress drop is almost nil. It is therefore reasonable to assume
in the first instance that the distribution of stress drop is homogeneous
(P =1, a=0).

Also during each earthquake the stress may or may not drop
to zero or, during the faulting, the fault may overshoot the equilibrium
position and build a stress of sign opposite to that which generated
the earthquake, as in the case of reverse faulting; it is therefore rea-
sonable to assume the average value po = 0.

To obtain the maximum values of M and MM, first we obtain »
from the linear part of «(M) and n.(M,), then with the available
values of #(d) and no(M,o) for M > I and Mo > Mee and by using
the least square method, we obtain the parameters Ads, Bs, Aoz and Bos
defined as follows from [8]

(v — 1) M +2

— Aoz Mo~ + Bos M, [10]

A 0
l/,t]_()ﬁ_\ 3 »In10 10 3 e

n(M)y=TD¢e¢
n (M) =T De 17102;22} 2 (v —1)

As + B3 10

In turn the computed values of Ay, Bis, As, Bos together with
[10] give a system of 4 equations in the parameters Iz, p2, y, T De.
Finally, the adjusted values of As, Bs, 4 and Bos give
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We note also that y = - - , 1
Ao3Inl0 cnk y Baln 10

It is obvious that, when the data on the seismie moment is not ava-
ilable, as it is the case in most circumstances, the second formulae
of [11] and [10] give directly M and also = when p2, 9 L, ¢, p, y are
known.

An estimate of Msy, Moy and la can be made in a simple manner
also when pa, M, Mo are available. In fact considering that l» and
pe — po are the maximum fault size and the maximum stress drop of
a given region, then we have for the minimum and maximum magnitude

Mu = log -1 (p*>  po?) [12]
)
Mo = |log 1 13 (g2 — por) l
4 IL&

We also obtain for the maximum and minimum moment
More = 1 (P2 — Po)fe [13]
J[um = 113 (1)1 - 1)0)/0
By eliminating p1, Mw, M1y, Mom, Mo, in [5], [12] and [13]
we obtain the maximum values of M and M,, for a given region as
function of p: when the values of M. and Mo are determined from

atalogues they are
Minker '

I = 14
zﬂlof’“‘?%) ]
1 e 92 k2 Moz~ p2?
log — B
71T twe10f v
k 41[022 2
Moy — L

2110

It is to be noted that the maximum fault size is determined by the
corner magnitude and corner moment only.

EXPERIMENTAL CHECKS

In this section we shall check the formulae obtained in this note
with the data obtained from the catalogues of the earthquakes.

Formulae [7], assuming ¢ = po = 0 and P — 1, can be written,
neglecting higer order terms
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For what is concerning the non linear part of #(M) and n(d,)
we obtain from formulae [11] and [15]
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By combining formulae [5], [11], {12], [13], [15] and [16] we obtain
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From world wide datum, Gutemberg and Richter (1954) (') obtain
A2 = 7.66, B: = —0.93, and Chinnery and North (1975) (®) obtain
Aoz = 1747, Bo2 = —0.61.

From the values of B> and Bo: we obtain » = 2.83 and y = 1.52.
The value of y is also obtained eliminating I in formulae [3] (as it
was done in Caputo (1977) (°) to correlate linearly the values of M
and M, of Chinnery and North (1975)(%); we find y = 1.55 In very
good agreement with the other value.

From a best fit to the datum of Gutemberg and Richter (1954) (10)
for large values of M we tentatively obtain A4s = 0.4.
would tentatively give Ma = 8.7.

The known value of A (Chinnery and North, 1975) (®), substi-
tuted in formulae {17] with the values of 4. and A; and assuming
u = 3.1011 and reasonable values for n. k, ¢, give indicative values of
lay poy Mgy Mosr and DTe which are satisfactory; better values for all
these parameters could be obtained if the data come from a single
seismic region; the data analysed above do not satisfy this require-
ment. It is also possible that the empirical relation between M and
M, used by Chinnery and North (1975) (?) to obtain 4. was not com-
pletely adequate as suggested by Caputo (1977) (¢) or that the datum
used was not sufficient.

CONCLUSIONS

The model presented here to represent the statistical data on
earthquakes which are available today fits satisfactorly the data of
most seismic regions of the world. Also, if a catalogue of the magni-
tudes and/or seismic moments of a seismic region are available, the
formulae enable to estimate the maximum magnitude and the maxi-
mum moment possible and the distribution of the faults in the
region.

The two hypothesis on the distribution of the linear dimensions
of the faults and of the distribution of the stress drops cannot be
verified experimentally at the moment. However it seems reasonable
to accept that the number of faults is a decreasing function of their
size and that the number of stress drops is also a decreasing function
of the stress drop.
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