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SUMMARY. - WE derive the Grune isen ' s gamma as a func t ion of tempe-
ra ture and pressure for l iquid iron at the t empera tu re and pressures of the E a r t h ' s 
ou te r core taking into account the a n h a r m o n i c and electronic cont r ibu t ions in 
a self-consistent way. W e obtain numerica l values definetely different f r o m those 
generally quoted in the geophysical l i terature, but in agreement with recent 
exper imenta l de terminat ions . 

RIASSUNTO. - Si ot t iene un 'espress ione per il gamma di Gruneisen in 
funz ione della t empera tura e della pressione per il fer ro l iquido nell ' intervallo di 
pressioni e t empera ture del nucleo esterno della Te r ra t enendo anche conto, in 
maniera consistente, dei contr ibut i anarmonic i ed elettronici . Si o t tengono valori 
numeric i ne t tamente diversi da quelli genera lmente r iportat i nella le t te ra tura 
geofísica, ma in accordo con i risultati di recenti esper iment i . 

It is generally accepted that the E a r t h ' s outer core is mainly 
composed by liquid iron. In this work we assume it composed by pure 
liquid iron and we shall evaluate the G r u n e i s e n ' s gamma values in 
the outer core range of pressures and temperatures . The G r u n e i s e n ' s 
gamma is derived taking into account all the known possible physical 
effects according to recent achievments in solid state theory. Fur thermore , 
instead of extrapolat ing with dubious rigour values relative to solid 
crystals, as it is generally made in the geophysical l i terature, we apply 
our theory to liquid state. The problem of the determinat ion of the 
G r u n e i s e n ' s gamma for l iquids has had scarce attention (4' " ) . 

(*) Ist i tuto di Geofìsica, Universi tà di Bologna. 
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By liquid state, at t'he E a r t h ' s core condit ions, we mean a lattice 
with a simple cubic s t ructure in which transverse waves have a trans-
mission coefficient irrelevant in compar ison with the longitudinal trans-
mission coefficient. This liquid model arises f rom exper imental diffraction 
data on liquid metals ( '• , 5) which show a nearest-neighbour pat tern 
much more randomly located than for solids. This gives the reasons to 
support for liquids a lower coordinat ion number than for solids (17) and 
a very low transverse « constant » in order to allow nearly f ree shear 
movements in the lattice. According to DOMB et al. (5), by force constants 
we mean the spring constant dF/dr of the intermolecular forces F. W e 
believe that at the present stage of knowledges this is the best way 
to tackle the problem since neither the cell model (12), nor the distr ibution 
funct ion model can be profitably used in the lattice calculations (") . 

An explicit expression for the G r u n e i s e n ' s gamma can be found 
fol lowing the general procedure of considering a solid as a system 
of 3 N strongly anharmonic oscillators. The hamil tonian funct ion of 
the system may then be splitted into its harmonic (in the Leibfried-
Ludwig sense (") and anharmonic parts 

H = HH + HA 

which can be solved separately. Considering the harmonic term, we 
find the normal modes of vibration of the system as eigenvalues of 
Flu and then, f rom the energy spect rum, compute the G r u n e i s e n ' s gamma 
according to the definition 

Y = Zi 0 In v , /3 In V) 

It must be noted that the high temperatures of the core al low us 
to use a T h i r r i n g ' s series expansion (l8) to express the harmonic 
G r u n e i s e n ' s wi thout passing through the explicit f requency spect rum, 
but just considering its statistical moments . Then the harmonic 
G r u n e i s e n ' s gamma turns out to be 

yH = V (dEvis/dVh (TCV-EV IB ) ' [11 

where 
Ev,b = E(T)-U [2] 

Cv — (dEvni/dT)\ 
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U is the static latt ice potent ial and E ( T ) the internal energy of the 
system. Evm can be wri t ten as 

( °° I 
EV,B = 3 NkT 1 - £ ( - 1 ) " [B2„/(2n) !] ;íí7„ (h/lc T)2n [31 

( « = i ) 

where B2„ are Bernoul l i n u m b e r s and fi2n are the static even m o m e n t s 
of the f requency d is t r ibut ion . T h e very high t empera tu res w e are 
t reat ing a l low us to cons ider only the first f ew momen t s since the 
T h i r r i n g ' s series is strongly convergent u p f rom the Debye t empera tu re . 
These m o m e n t s have been calculated for any lattice s t ruc ture to the 
2 0 - t h o r d e r ( 2 ' 5 ' 1 6-1 3) (BHATIA) a n d H O R T O N , 1 9 5 5 , D O M B e t a l . , 1 9 5 9 ; 

MONTROLL, 1 9 4 3 ; LEIGHTON, 1 9 4 8 ) . W e sha l l u s e t h e s e p t e n a r y p a r t i t i o n 
model (4), w h i c h gives the momen ta of a s imple cubic 3 d lattice. T h e first 
two m o m e n t s can be wr i t t en as 

V2 = (K„ + 2K,)Ma-2 [ 4 ] 

iu = 2 (Kp2 + 2 K,2) Ma~2 + 4 (K„ + 2 K,) MA~2 [51 

whe re K,, and K, are the longi tudinal and t ransverse constants , respecti-
vely. W e employ an in te rmolecular potent ial of Rydberg type, namely 

<¡>=-D[\+b ( r „ - r e ) ] exp [ - f e (r i ;— r e)] [ 6 ] 

where re is the static d is tance of app roach of the molecules , r¡¡ is the 
i s tan taneous dis tance. D and b are cons tants , and namely , D = 7 4 . 6 9 x 10 u 

o 
ergs, i> = 2 . 0 5 5 4 x 10 M '. Th is potential shows a very good agreement 
with exper imenta l data for iron and nickel compress ion (2I) (VARSHNI and 
BLOORE, 1965). T h e force constants are then given by 

K„=Db2 [ 1 -b (;•„—r,)] exp [-b ( r f J —r e ) ] [ 7 ] 

K, = C Kp [81 

where C is a rb i t rar ly taken 10 2 and 10 3. 
Th i s choice wil l appea r i r re levant for our aims as it will be evident 

f rom the fo l lowing. If we consider in detail equat ion [ 2 ] , we see that 
all the terms can be immedia te ly ca lcula ted . In par t i cu la r we note that 
the term V (dEvm/Vfr can be expressed by 

oo 
V (9 EVIB/dV)r=-3 N kT X ( - 1 ) " [B2„/(2n) 1] (dft*,/d V) (h/kT)2" [ 9 ] 
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which is easily compu ted by 

V 0 . K p / d V ) = D b2 exp [ - 6 ( r „ - r . ) ] [ - ( 2 / 3 ) bm + b2 (r„— r«) /3 ] 

V 0 K , 2 / 8 V ) = ( 2 / 3 ) D2 b5 r,-/ [ - 2 - f c 2 ( r „ - re)2 + 6 r „ - 6 r , / 2 + 

+ 2 6 ( r , - , - r , ) ] exp [ - 2 6 (r,/— r e ) ] . 

Using the above equa t ions we de te rmine the h a r m o n i c G r u n e i s e n ' s 
gamma for var ious compress ions . T h e vo lume dependence is directly 
taken into account by changing the value of r„ in the in te rmolecu la r 
potent ial equa t ion . Results are shown in Fig. 1. T h e values of C of 
equa t ion [ 8 | t u rn out to be immater ia l fo r the values of y H . 

T h e a n h a r m o n i c par t of the hami l ton ian func t ion is then wr i t t en 
in the f r a m e w o r k of the self-consistent phonon theory ( ,6) as 

! 0 6 2« 106 3 « t O 6 4 » I B 6 P bars 

Fig. I — T h e G r u n e i s e n ' s ha rmonic g a m m a and the total g a m m a func t ion are 
plot ted versus pressure . The total ga mma is taken along an isotherm at 5800° K. 

Ha= 12 k2 h2 ZKK- 4>K. -K.K-.~K- (cjk OJK-)1-24 k2 h-3 Zkk-K-

1(QK.K-.K-)2 + (3/2) ÎK.-JC.-JC"] (OJK CJK- CJK••)-' [ 1 0 ] 

t 
4 = + .088 
1 
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w h e r e &k.k\... is the total lat t ice po ten t ia l in tended as a pa i r potent ia l 
and G, K', ... accoun t ing fo r the s u m m a t i o n pai rs ( " ) . cjk a re the 
e igenvalues of the dynamica l matr ices . 

Since w e are t reat ing a meta l we mus t also accoun t fo r the e lec t ronic 
con t r ibu t ions to the f r ee energy of the system. Let us wr i t e t hem as 

•I 

Hel = rT2/2 [11 ] 

w h e r e r is the e lec t ronic specific heat d iv ided by T. W e inco rpo ra t e 
all the e lec t ronic effects in the a n h a r m o n i c hami l t on i an f u n c t i o n . T h e 
e lec t ronic con t r ibu t ions for l iquid iron can be eva lua ted f r o m the 
densi ty of the states relat ively to the non- fe r romagne t i c phase because of 
the h igh t empe ra tu r e s we are cons ider ing . Up to n o w , no expe r imen ta l 
da ta a re ava i lab le fo r these quant i t ies , bu t there is physical ev idence 
tha t l iquid iron densi ty of the states va lues should slightly d i f fer f r o m 
the solid i ron ones (')• F u r t h e r m o r e , a physical ly re l iable theore t ica l 
a p p r o a c h , based on the c lus ter model (10), s h o w s tha t e lect ronic b a n d s 
f o r l iquid iron di f fer for no more than 5 % f r o m those relat ive to the 
solid s tate . W e shall use va lues c o m p u t e d for solid non- fe r romagne t i c 
i ron w h i c h have been tested wi th good acco rdance wi th exper imen ta l 
data (23). T h e effects of p ressure on this t e rm were c o m p u t e d by 
HENRY (9) by us ing a Fe rmi -Thomas a tom mode l , wi th the resul t tha t 
e lect ronic specific heat decreases by a fac to r smal ler t han 3 f o r p ressures 
of 102 Megaba r s . T h e r e f o r e w e shall suppose tha t the e lect ronic contr i-
bu t ion is not affected by the p ressures w e cons ider . In any case the 
e r ro r is m u c h less than the unce r t a in ty in the a n h a r m o n i c t e rm. T h e n 
the G r u n e i s e n ' s g a m m a func t i on is eva lua ted by the equa t ion 

Y = YH+Y'i [!2] 

w h i c h leads to 

Y = y„{ 1 + (1 / 1 2 ) [{hojJkT>2- Yn~x ((huK/kT)2)] } - ( 3 N n k T ~ T 1 X 

X { ( r ~ 2 A2)-2 Yh~' V [ d ( r - 2 A)/dV] } [ 1 3 ] 

w h e r e the averages are p e r f o r m e d over the no rma l modes , A2 is the 
a n h a r m o n i c leading te rm of the f r ee energy (" ) , and n is the n u m b e r 
of par t ic les in a cell. Equa t ion [ 1 3 ] , in the high t empe ra tu r e condi t ions 
of the E a r t h ' s core , simplifies to 

r = Yll-(3NknT->yl { ( r - 2 A2)-2 yh-1 V [ d ( f - 2 A2)/dV] } [ 1 4 ] 

14 
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Concluding, by means of the above equat ions , we computed the 
G e u n e i s e n ' s gamma funct ion for l iquid iron versus pressure along 
an isotherm at 5800° K, tempera ture that most recent theories (7), quote 
as the inner core outer core boundary temperature in the assumption of 
a pure iron core. The corrseponding results are plot ted in Fig. 1. W e 
computed also the isobars at 1.4 and 3.1 Megabars , i. e. at the pressures 
of the mantle-core and the inner core-outer core bounda t ies . The un-
certainty on the anharmonic gamma leads to an average uncer ta inty 
on the values of the gamma funct ion of 0 .09. The results are plot ted 
in Fig. 2, where the zone corresponding to the outer core is shaded. 
G r u n e i s e n ' s gamma ranges f rom 1.0, at the mantle-core boundary , to 
0.5, at the inner core-outer core boundary . 

BOHELER, RAMAKRISHNAN, a n d KENNEDY (3) h a v e r e c e n t l y m e a -

sured the G r u n e i s e n ' s gamma at high pressures for iron and our results 
are in agreement with theirs. There fore the values of the G r u n e i s s e n ' s 
gamma generally assumed for iron at core condit ions, 1.7, are definitely 
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Fig. 2 — T h e total G r u n e i s e n ' s g a m m a f u n c t i o n is p lot ted versus t e m p e r a t u r e 
along the isobars at 0, 1.4, and 3.1 Megabar s . 
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u n a c c e p t a b l e . F i n a l l y w e w i s h to e m p h a s i z e t h e f a c t t h a t , f o r t h e first 

t i m e , t h e t e m p e r a t u r e e f f e c t s h a v e b e e n a c c o u n t e d f o r in a s e l f - c o n s i s t e n t 

w a y . 
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