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RIASSUNTO. - Rappresen t ando l 'energia sismica irraggiata come somma di 
mode normali , s iamo stati in grado di sv i luppare le equazioni appross imate 
descr ivendo la dissipazione di tale energia nella Ter ra per mezzo della f r iz ione 
solida. In par t icolare viene calcolata l 'energia totale irraggiata e la dissipazione 
media ta sfer icamente come una funz ione della p rofondi tà . In uno s tudio di u n 
semplice model lo ( lungo per iodo) è s tato t rovato che la densità dell 'energia 
come una funz ione del raggio e la f r equenza h a n n o fo rme semplici e var iazioni 
di modesta enti tà r ispet to alla p ro fond i t à della sorgente e che il meccanismo, 
come pure lo spet t ro del l 'evento, sono pr inc ipa lmente influenzati dalla m o d a 
fondamen ta l e dell 'energia. Inol tre , è stato t rovato che, in relazione allo stesso 
momen to , eventi con fuoco poco p r o f o n d o h a n n o u n ordine di magn i tudo 
maggiore degli eventi più p ro fond i e che gli eventi dovut i a scorr imento inclinato, 
relativi allo stesso m o m e n t o ed alla stessa p ro fond i t à , h a n n o un fa t tore di ol t re 
sei volte più energetico di quelli dovut i a scorr imento orizzontale, sempre relativi 
allo stesso momen to ed alla stessa p ro fond i t à . 

SUMMARY. - Represent ing radia ted seismic energy as a sum of normal modes 
we are able to develop approx imate equa t ions describing the dissipation of 
this energy in the ear th by solid f r ic t ion. In par t icular we calculate total energy 
radia ted and spherically averaged dissipation as a func t ion of dep th . In a 
sample (long per iod) model study we find that energy density as a func t ion of 
radius and f r equency have s imple fo rms and smooth variat ions with source 
depth and mechan i sm as long as the event ' s spect rum is domina ted by f u n d a m e n t a l 
mode energy. Fur ther , we find that shal low focus events are an order of 
magn i tude more energetic than deeper events for the same momen t and that 
dip slip events are u p to a factor of six more energetic than str ike slip events fo r 
the same m o m e n t and depth . 

(*) Inst i tute of Geophysics and Planetary Physics Scripps Inst i tut ion of 
Oceanography University of Cal i fornia , San Diego La folia, Cal i fornia 92093. 
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I N T R O D U C T I O N . 

In a recent paper Kanamori (1977) has developed a new magnitude 
scale, Mw, based on scalar moment Mo, minimum strain energy drop 
Wo, and the Gutenberg-Richter magnitude energy relation. 

With the magnitude scale the 1960 Chilean earthquake is assigned 
Mw = 9.5. Since the largest earthquakes are dominant contributors to 
radiated energy (Stacey, 1977, Ch. 5) it is intriguing that past estimates 
of the energy release in earthquakes may be an order of magnitude 
too low. 

In this paper we present a method for estimating not only the 
energy radiated (McCowan and Dziewonski, 1977) but also the radial 
distribution of the dissipation of the energy radiated. Our method is 
much more elaborate, and expensive, than the usual methods that 
involve a logarithmic relationship between energy and moment or 
magnitude Furthermore, cur method requires that one have a good model 
of the Earth, including both elastic and anelastic parameter distributions. 

G R O U N D W O R K . 

Assume a spherically symmetric, self gravitating, non-rotating earth 
model with density p (/•), and Lamé parameters [i (r) and A (/•). In the 
notation of Gilbert and Dziewonski (1975) (hereafter references as M), 
the eigendisplacement of the }"' normal mode is s, (r) such that 

where w,-2 is the j'" eigenfrequency, S,k is the Kroneker delta and * means 
complex conjugation. The displacement, u (r, t), due to an external 

W o ~ M o / ( 2 x 104) 

log Wo= 1.5 M,„+ 11.8 

[1] 
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force, / (r, t), is given (M, 2.1.11) 

u (,r, 0 = X Sj (/•) (0 (*) [(cos (ajj t) e—il - 1 )H (/)] [2] 
i 

where a, = w ;/2Qy is the damping parameter and Q, the quality factor 
of the /"' mode, H (/) is the Heaviside function, (*) means convolution, and 

(0 = - J rfV s r (r) • (df (r, t)/dt) [3] 

is the source excitation of the /"' mode. The Fourier transform of [2] is 

oo 

U(r, &j)= J u (r, i) er''*" dt 

[4] 

j 21 (jJ (at — Gj) (oj + fTj ' ) 

where 'Z', (OJ) is the Fourier transform of </*, (/) and A, = OJJ + /«,. 
We can think of three kinds of singularities of U (r, w) that 

contribute to u (r, t). The singularities of IP,- (co) represent the deviation 
of the time behavior of / (r, t) from that of a step function. For our 
purposes the phase of 'P,- (OJ) is not important and we shall neglect the 
singularities of xPj (cu). The pole at w = 0 gives rise to the statical part 
of u{r,t), the part remaining as f—» <». This part is also unimportant 
for cur purpose because it does not represent radiated energy. We shall 
neglect the pole at a> = 0. Finally, we have the poles at w = <r;- and 
co=— Oj*. These represent the free oscillations and do account for the 
radiated energy. The part of a (r, t) arising from these poles is denoted 
I/» (r, 0 

u0 (r, t)= Re °ll (r, t) 
[5] 

°H ('•, t)= I Sj (r) ^ eiajl H (/). 

In other words, there are two approximations involved in transforming 
[2] to [5] , First, the constant part of the mode shape (the static part of 
(he displacement) has been dropped. Second, we have approximated 
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f j j j (/) as "P, (<7,) S (I) (or xI'j (a>) as a constant, !P; (IT,-)). This is partially 
justified because ¡'///(w)j is very smooth compared to a normal mode 
resonance peak (i. e. 0/ (/) must be concentrated at the origin time of 
the event). But the phase of (a>) may vary rapidly due to source 
complexities. However, source phase does not enter into the energy 
calculation. Finally, note that in [5] we have changed our notation to 
a complex exponential representation. 

T O T A L D I S S I P A T E D ENERGY. 

The orthonormality condition [1] and the complex exponential 
representation [5] can be used to find the time averaged kinetic energy 
radiated 

£7 civ — "A jdV p (r) ^ (r, t) • W* (r, t) 

[6] 
= 'A £ (ff, <7/*M2) 9, (a,) ' / ' r (ff/) 

where an extra factor of i/2has come from the complex representation. 
In [6] <jj <ii* = co? + a,-2= ai/2 (1 + 0 (Q ~2)). Thus, for Q » 1 

EJ av= 1/4 2 Vj (<7/) (<7/) ' . [ 7 ] 
i 

From energy partition, the average radiated potential energy equals 
the averag radiated kinetic energy. Therefore, the average radiated 
energy is 

<5=2 £7 av — 1/2 X xPj {aj) 9,* (07) e ~ t a i [ 8 ] 
i 

The total energy radiated is dissipated by colid friction (and, perhaps, 
some fluid viscosity) in the earth. It is 

" = d ! , = 0 = t / 2 Z9,(oj) </>,* (aj). [9] 
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Note that [9] is essentially the same expression as that derived by 
McCowan and Dziewonski (1977). 

ENERGY D I S S I P A T I O N AS A F U N C T I O N OF R A D I U S . 

To determine where in the earth the radiative dissipation takes 
place we introduce the dissipative stress power density PD (Malvern, 
1969, p. 267) which is obtained by contracting the dissipative part of 
the stress tensor with the strain rate tensor. 

In terms of [5] the strain tensor is the real part of 

E (r, t) = 2 ( y 0,1 + A,) % (a,) e'">' [10] 

where dj=V-SJ(r) and A, is the deviatoric strain for the j'h mode, 1 
is the unit tensor. The stress tensor is the real part of 

T (r, t)=Z (x0, 1 + 2/iAj) Vj (*,) e'"i' [11] 
i 

2 

and x = X + —fi is the bulk modulus. We regard x and fi as complex 

elastic moduli 
x-> ( r ) = x 0 - 1 (r) ( 1 - i Qx~' (/•)) li-' (r)=A£o"1 (r) (1 - i Q , " 1 (r)). [12] 

It is incorrect to suppose, as we have here, that the model attenua-
tions, Qu and Qx, are frequency independent as this leads to non-causal 
results. However, the best current evidence (Akopyan, Zharkov) and 
Lyubimov (1975); Liu, Anderson and Kanamori, (1976) indicates that 
Q„ and Qx vary slowly (if at all) over the whole seismic band and may 
be considered constant over the normal mode band (.3 to 16.7 mHz). 
We feel it consistent with other approximations to assume a frequency 
independent Q model. 

The more common form of [12] is 

x (r) = xo (r) (1 + i Qx"1 (r), n (r)=[io (r) ( l + i Qn~l (r)) [13] 

where relative errors 0 (Q^1) are neglected. Combining [11] and [13] 
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the dissipative part of the stress tensor is the real part of 

7 ' ° ( r , 0 = 2 ( i (x„ Q x " 1 0 ; 1 + 2/Uo < V ' 4 / ) (o>) ' [ 1 4 ] 

To this degree of approximation the strain rate tensor is the real part of 

From [14] and [15] the time averaged dissipative stress power density 
is then 

Notice that [1] - [16] do not require a spherically symmetric earth 
model. They would be equally valid if the model was a function of r 
instead of r. However, as a practical (computational) matter there is 
currntly no advantage in preserving such generality. In the following 
spherical symmetry is necessary. 

We introduce the spherically averaged, time averaged dissipative 
stress power density 

We invoke the orthogonality of the spherical harmonics in the repre-
sentation of Sj (r) to evaluate [17] 

P°„(r, 0=1/2 T° (r, 0: £* (r,t). [16] 

[17] 

7>D ( r , 0 = ' / 2 ^ oji [x„ (/•') Qx~l ( r ) Ki+fio ( r ) Q , , " 1 M , ] 

• (07) (<jj) e~iai ' [18] 

where 

[19] 
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Expressions for A.', and M, have been given by Backus and Gilbert (1967, 
Appendix B) in terms of the scalars used to represent Sj (r). 

In [18] we have neglected the interaction between overtones with 
the same angular order. With overtone numbers n and m, and using the 
representation [2] temporarily, the interaction involves terms such as 

The average over a few cycles of the cosine term with argument 
(w,! + w,„) t is zero and can be neglected. The same is true of the term 
with argument (ou„ — w,„) t unless \a)„ — cjm\ <a„ + am. In that case we 
use the fact that 

T w o overtone frequencies can be arbitrarily close if the modes are 
« disjoint », i. e. each mode has an eigenfunction that is significantly 
different f rom zero only where the eigenfunction of the other mode is 
nearly zero. Thus, the contribution of the interaction terms to r3)D in 
[18] can justifiably be neglected, a fact that is not self-evident when the 
complex exponential representation is used. 

The integral of 3 5 0 with respect to time is the spherically averaged, 
time averaged dissipated energy density 

?»,„ = /?„,» cos (W„±&J,„) t e — Ki+am>' 

lim R„m = 0. 

oo 

[20] 

But 
oo 

[21] 
o 

Using [18 ] , [20] , and [ 2 1 ] we have 

e° (r)= 1/2 I Qj [x0 (r) Q x " 1 ( r ) *,• + /*, ( r ) < V ' ( r ) A/ , ] 

Vj (a,). [22] 

17 
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Note that O, is the quality factor of the /'"' normal mode while Q,, (r) 
and Qx (r) represent the attenuative properties associated with the shear 
and bulk moduli respectively at radius r. 

The utility of the expression [22] is that one can calculate not 
only the total dissipated energy ¿ ° but also its radial distribution 
r £°. That is, one can calculate how much energy is dissipated in 
different regions such as the inner core, lower mantle, crust, etc. Fur-
thermore, one can quickly investigate the effect of the epicentral depth 
and mechanism of the source on the radial distribution of dissipated 
energy. 

A C H E C K . 

We can check [22] against [9 | by calculating the total dissipated 
energy from [22] 

oo 

£»=j drr e" (r). [23] 
0 

Using the usual expression for Q,_1 

a 

Q,-I= j~ drr t*o Qx"1 Kj + f!0 Q,r> Mj] [24] 
b 

we find 

¿ " = i/2 X </', ( a , ) [ 2 5 ] 
i 

in aggreement with [9] . 

M O D E L C A L C U L A T I O N S . 

As an example of the method, we have performed a limited model 
study for the effects of varying depth and mechanism of the source on 
seismic energy dissipation. Although parameter space was not searched 
exhaustively the results give a good qualitative feel for what is 
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happening. Indeed the results are not only more informative but also 
are more general than one might suppose for the following reasons. 
First, of all physically realizable seismic source mechanisms only a 
handful are at all common. Second, variations in the dip, slip, and 
depth of a source are found to cause smooth changes in the energy 
release. Third, since the source phase does not enter into the calculation 
there is a good deal of symmetry in the source parameters. Identical 
pictures are generated, for instance, by any strike, by interchanging the 
slip and nodal planes, or even reversing the slip direction. And 
finally, any geographical location will give the same results since [22] 
is spherically averaged. 

We began with earth model 1066A (M, Table 5) and a simple Q 
model (M, p. 199). We calculated all elastic-gravitational free oscillations 
with periods longer than 66 s. Eigenfunctions and frequencies of a purely 
elastic model were used as the effects of physical dispersion are on the 
order of other approximations made above. The sources were all step 
functions in time and delta functions in space (point sources). Each 
had a moment of \020 N'm. Normal mode excitations were calculated as 
in M (Section 2) for interior sources and as in Appendix A for shallow 
(surface) sources. 

The results of our experiments are presented in Fig. 1 - 8. Each figure 
consists of two pictures, energy density as a function of radius (in 
units of a, the radius of the earth) and energy density as a function 
of frequency (in millihertz) running mean averaged over 1.67 mHz 
windows. Total energy, at periods longer than 66 s., has been normalized 
to unity. The source used to generate each figure is designated by a 
shorthand four-vector: (depth in kilometers, dip in degrees, slip in 
degrees, and total radiated long period energy in Joules). Dip has the 
usual definition. Slip describes the direction of the slip on the fault 
plane. It is defined so that 0° is pure strike slip, + 9 0 ° is normal faulting, 
and —90° is thrust faulting. 

Examination of the eight plots of energy density versus radius 
shows that the zeroth order shape of the curves is controlled by the 
Q model. Indeed, these curves are linear in (r). Thus the low model 
Q„ ( = 1 1 5 ) above .9 results in high attenuation in the upper mantle. 
The intermediate Q„( = 400) above r~ .55 results in small losses in 
the lower mantle. And the high Q ^ ( = 1 0 0 0 ) in the inner core translates 
to negligible losses. 
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Fig. 1. (top). Energy density as a funct ion of radius of the earth and (bottom) 
smoothed energy density as a funct ion of f requency for a shallow, low 
angle (22.5°) dip slip source. 
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Fig. 2. (top). Energy density as a funct ion of radius of the earth and (bottom) 
smoothed energy density as a funct ion of f requency for a shallow, interme-
diate dip (45°), dip slip source. 
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3. (top). Energy density as a funct ion of radius of the earth and (bottom) 
smoothed energy density as a funct ion of f requency for a shallow, vertical 
dip slip source. 
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4. (top). Energy density as a funct ion of radius of the earth and (bottom) 
smoothed energy density as a funct ion of f requency for a shallow, vertical 
strike slip source. 
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Fig. 5. (top). Energy density as a funct ion of radius of the earth and (bottom) 
smoothed energy density as a funct ion of f requency for a shallow, source 
with 50 percent vertical dip slip and 50 percent vertical strike slip. 
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Fig. 6. (top). Energy density as a funct ion of radius of the earth and (bottom) 
smoothed energy density as a funct ion of frequency for an intermediate 
depth, low angle (22.5°) dip slip source. 
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Fig. 7. (top). Energy density as a function of radius of the earth and (bottom) 
smoothed energy density as a function of frequency for an intermediate 
depth 45° dip, dip, slip source. 
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Fig. 8. (top). Energy density as a function of radius of the earth and (bottom) 
smoothed energy density as a function of frequency for a deep. 45° dip, 
dip slip source. 
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Superimposed on Q^"1 is a first order structure that is a function 
of source depth alone. Thus all plots of shallow sources (Figs. 1-5) are 
very similar. They have a sharp peak near the surface, a broader peak 
at r~ .97, and a roughly exponential fall off to the core (of course this 
tail is amplified about 4: 1 in the upper 650 km. by the Q„ contrast). 
The high amplitude spike is due to shallow fundamental mode surface 
wave energy amplified in the low velocity crust. The broad peak 
corresponds to surface wave energy trapped in the low velocity zone 
(LVZ). The fall off is due to the exponential tails of the well excited 
upper mantle surface wave modes. That is, fundamental mode energy 
dominates completely for shallow sources. 

At intermediate depth the picture is the same (Figs. 6 and 7) 
with two exceptions. First, the surface spike has been rduced relative 
to the LVZ peak. Second more energy has been dissipated below the LVZ. 
For deep sources the picture (Fig. 8) is different indeed. The surface 
spike is gone as the deep source is below the turning points of the 
modes that composed it. The LVZ peak is still visible, but is now 
comparable to higher mode energy deeper in the mantle. The deeper 
the source the more the higher modes are excited. For very deep sources 
there is as much energy in modes as in the very long period fundamental 
modes. 

The companion plots of energy density versus frequency show 
considerably more variation with source mechanism. However, all 
shallow and intermediate sources are characterized by curves that 
vary smoothly and apparetnly predictably with frequency except at 
the longest periods. This is a result of the dominance of the fundamental 
modes. For a shallow source one would expect the fundamental mode 
excitations to vary smoothly along the branch to an arbitrarily high 
frequency (i. e. the given curves may be extrapolated). For intermediate 
depth sources the character of the curv must change dramatically at 
some higher frequency where the equivalent ray turning point becomes 
structure due to the comparable excitation of higher modes and long 
shallower than the source depth. The deep source shows a more complex 
period fundamental modes. 

Figs. 1-3 demonstrate the variation in energy density versus frequency 
with dip for purely dip slip sources. Between Figs. 1 and 2 (Fig. 1 
represents a dip of 67.5° as well as 22.5° as both have the same absolute 
excitation) we see that dip effects the results very little until one 
approaches vertical dip slip (Fig. 3). Vertical strike slip (Fig. 4) has a 



DISSIPATION OF ENERGY RADIATED BY EARTHQUAKES 473 

very different structure because of a different frequency dependence of 
the fundamental mode excitations. When vertical strike slip and vertical 
dip slip are mixed (Fig. 5) the result, as one would expect, is a 
combination of Figs. 3 and 4. The intermediate depth pictures (Figs. 6 
and 7) support the finding that dip in a dip slip event is relatively 
uniportant. 

The final parameter we consider in our model study is total seismic 
energy released (at periods longer than 66 s.). Again the first order 
variation is a depth dependence. Intermediate depth sources are almost 
five times as energetic as deep sources of the same moment. Shallow 
sources are an order of magnitude more energetic than intermediate 
dpth ones. Further, for shallow sources there is a large variation 
among various mechanisms. Thus vertical dip slip is only half as 
energetic as a 45° dip slip source and is three times as energetic as 
a strike slip source. 

As a further example, we have applied the calculations described 
above to the 31 July 1970 Colombian earthquake. We used normal 
modes with periods longer than 80 s. and the source function of M 

1 S 7 0 C O L O M B I A N E A R T H Q U A K E 
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> -
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F R E Q U E N C Y I M H Z ) 

Fig. 9. (top). Energy density as a funct ion of radius of the earth and (bottom) 
smoothed energy density as a funct ion of frequency for the 31 July 1970 
Colombian source of M (Fig. 6). 
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(Fig. 6). The result is displayed in Fig. 9. Notice the similarity between 
Fig. 8 and Fig. 9. The additional complexity in the source has changed 
the result very little except to multiply the energy density versus 
frequency curve by different absolute squared source spectrum. 

D I S C U S S I O N . 

We have presented a method of calculating where in the earth 
radiated seismic energy is dissipated by solid friction. Our equations 
are correct tc 0 (Q~'). The model calculations, presented above, reveal 
a pattern which may be used to advantage in the more speculative 
calculation of a seismic component to the upper mantle heat budget. 

It is well known (Stacey, 1977, Ch. 5) that the annual seismic 
energy release is dominated by a few of the very largest events. We 
have shown additionally that one may neglect all but shallow events 
and all but the greatest shallow strike slip events. Further, we have 
shown that the shape of the energy dissipation as a function of radius 
(at least at long periods) is relatively independent of source mechanism. 

By making a few assumptions it is quite possible that one could 
reasonably estimate the average annual seismic energy dissipated at 
each depth in the mantle. One would need to estimate source mechanism 
and absolute source spectrum for a handful of events. Notice that 
seismic efficiency does not enter into the calculation if the moment 
density tensor is estimated from radiated seismic energy. If one could 
estimate the contribution of wavelenghs on the order of the source 
dimension and shorter the job would be done. 
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APPENDIX A 

Seismic sources where the sources dimension is on the order of the 
source depth (that is almost any large shallow earthquake) cannot 
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reasonably be represented as points even for wavelengths long compared 
with the source dimension. To see this we consider the modal excitation 
of a point source. Following M (Section 2.1) we rewrite [3] as 

& ( t ) = - dV s,* (r) -V- [M (t) A (r)] [26] 

where M is a moment density rate tensor such that 

df^=V-[M(t)A(r)] [27] 

and A is a Dirac delta function 

4 <r )=* (r, r„)= ^ ^ [28] 

for a source at r0 = (r0, 0O, (po). Integrating [26] by parts and considering 
the symmetry of M 

<fii(t) = JdVA(r)Ej*:M [29] 

- 1/2 fdS A (r) (rsr + s,*7): M 

where 

E,{r)=Vi (Vs,+s,V) [30] 

is the strain due to the /"' mode. 
For an interior source the volume integral in [29] contributes at 

the source and the surface integral vanishes. But at the free surface 
certain strain components vanish in order to satisfy the traction free 
boundary condition. Hence, for a shallow point source corresponding 
components of M excite neglibible seismic energy. For example, a near 
surface vertical dip slip equivalent point source would excite no modes. 
Allowing the source to be at the surface is no solution as the surface 
integral in [29] is then infinite. 

Clearly, we need to consider a distributed source. A proper three 
dimensional equivalent body force density distribution is beyond the 
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scope of approximations made above. Rather we relax our definition of 
A (r) in the radial dimension only. 

o L [ 3 1 ] 

r sin tj 

where 

' F (r) dr — 1 [32] 

so that seismic moment is preserved and 

a 

J'F(r)dr=0 [33] 
u 

so that momentum is conserved. F (r) is considered to be delta-like so 
that the source is concentrated about the mean source depth. Now for a 
shallow source, r0~(a,do, 0o), [29] becomes approximately 

tfi, (t) = E? Oo): M (r0, t ) -
[34] 

- 1/2 F (a) S/* (r0) + (r0) r): M (r0, 0 

From [52] and the fact that F (r) is delta-like we see that F"1 (r) 
has the dimensions of length. Without considering the actual shape of 
F (r) we have taken F"1 (a) in [34] to be 50 km. for the « surface » 
source used in the calculations. 
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