One dimensional motion of a viscous fluid
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SuMMaRY. — The efteet of the friction has been studied on the one
dimensional motion of a viscous fluid. This friction is usually schematized in
various semiempirical formulae. In this work the different schematizations
of the friction were not studied separately but it was shown that a solution
exists for the fluid motion. The results give information on the damping of
the fluid motion in the case of the seiches.

Rrassuxto. — Gli effetti dell’attrito nel moto di un fluido non possono
essere trascurati nello studio di molti fenomeni geofisici. Le origini di tali
attriti sono riconducibili a vari eftetti fisici ehe normalmente vengono sche-
matizzati in diverse formule semiempiriche. Sulla base di una schematizza-
zione del moto di un fluido lungo una sola dimensione si ¢ determinata la
soluzione dell’equazione del moto, considerando le varie forme di attrito
agenti contemporaneamente. 1 risultati danno informazione sullo smorza-
mento del moto del fluido e sul peso relativo dei vari attriti.

The elfect of the friction in the motion of a fluid, e.g. the sea,
cannot be neglected in many geophysical phenomena. Its origin can
be related to various physical effects, so one usually prefers to schema-
tize it in different semiempirical formulae. In a previous work (°)
some of the possibilities of schematization for the one dimensional
motion of a fluid have been studied. Particularity of this work has
been that these effects were not studied separately but it was shown
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that a solution exists if one considers also a different type of schema-
tization.

In formulae the elfect was related to the non-linear differential
equation:

02U — (¢ 0%z [t - b (X)] = v % d-gr . — L, 0 u]ula + 2 f(t x)y [1]
a=y

where the symbol « denotes the velocity of the fluid at x = const.
section of the channel, the surface of which is &(x) the coefheient »
is characteristic of the vAu type friction while y, is the one related
to 7, ului® friction, f is the symbol of an external force, in our case it
could be the wind. In [1] the boundary condition are those of an open
and semi-closed basin. We have also considered, on the basis of com-
mon sense, that the roughness of the bottom may be considered as a
origin of a friction the which is not possible to be seen through the
usual numerical studies that utilize computers. So we have preferred
to treat a flat bottom case which allows an analytical treatment of
the formulae. TIn this way we have supposed that the surface of the
section x=ax, has the value:

h (o) = h (x0) + O sinyro [2

with two small values of § and p. One can intuitively say that this
roughness increases the turbulence and then it renormalizes the above
mentioned coeflicient.

The purpose of this work is to put into a comparison these effects.
We use analytical methods which in some cases are richer with infor-
mation than the purely ones. Therefore we limit ourselves to a flat
schematization ho of the Adriatic Sea. The method used, because of
the smallness of the », ¥, d coefficients, can be the first order pertur-
bation of the free motion. Obviously this method gives some information
for not a long period of time. We will discuss the results in the
conelusion.

1. — THE PROBLEM AND 178 ELEMENTARY SOLUTIONS

In order to simulate at our best the Adriatic Sea, despite our flat
hypothesis h(r) = ho, we use the Defant’s boundary conditions. It
implies that for the first and third seiches the channel is closed
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at Venice and is opened at Otranto. For the second seiche, at the con-
trary, the channel has to be considered closed both at Venice and at
Otranto. We then consider two main cases: the ellect of the friction
on the free motion of the water and the effect of a strong wind on a
quiet sea. As for the wind, we have assumed, in this case, also an
“ad hoe” shape for semplifying caleulation. We suppose that the wind
starts suddenly at ¢ = 0 and the force is more relevant at Otranto
than in the northern part of the basin:

0 t <0
2L
x, 1) = L — }
fa b @sin L 4o 2 =

Having considered these schematization, we start by discussing
the first case.

1.1. — MOTION AND FRICTION OF TIIE SEICHES
We repeat here the equation
. 1 a
N u — § 2z [h () %] = ¥ dzzu — Za %, O ulu| [1]
0

If we impose that the basin is closed at Venice and opened at
Otranto, the surelevation is zero, we obtain:

w(0,1) = deu (L )z, = o0ru (L, 1) = 0
for the odd order seiches. Tn the second seiche case we have:
w (0,8 = w (L, t) = 0

We then proceed by supposing, as described in the first paragraph,
that §, » and y, are small parameters, of order e. We then develop
our equation in power of this ¢ parameter. For the solution, we have:

N = Uo -+ €U + E2U2 + ...

Tror ¢ = 0 we have for the odd order seiches:
A2y U — {]ho 22 U0 = 0; uo(o, t) = Dxuo(L, t)

which solution is also for the second seiche case:

. ]
%o = 4 sin — 2 cos |n , v n=123 [2]
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We now schematize the frictions as an effect that starts at =0
in order to make clearer the dilference between the frictions and the
free motion. For v = 4. + eu,, we have to take into account the pro-
perties of uo:

2 — Ghod?zx w1 = F(uo); wi(x, 0) = dna(r, 0) = 0
where
1 2 s B a
F (o) = g2z (4o d sin y ) 4 v D¢ 0322 o — 2, %, e {un | %o }
0

In the following we put « = 1. The case ¢« = 0, which is also
among the most interesting ones, can be easily deduced from calcula-
tion. We deal now with the well known inhomogeneous wave problem.
We will follow the Courant-Hilbert’s classical scheme (4). We develop
at the first

F (o) = Y. Az sin fz - fi(t)

Then we make easier our problem by remarking that we can say
u = X, T(t) sinfiue
where the unknown 7k(f) are determined by
§ 2% Telt) + g o Ba* Th(t) = fx(?)
| T(0) = 2 Tx(0) = 0
We then know that

¢

T(2) l sin | ¢ ko fr (8 — 8) fr(s) ds

Bl
and it implies that

U = X, sinfrx - T(t)

1.2, — EFrECT OF THE FRICTION WIIEN THE WIND MOVES TIIFE WATER

We study the case of a semiopen channel in rest at ¢=0, when
suddenly the wind produces an external force:
(o t <0

j(w,t):i(l) sin £t>0

also in this case we will start bv leaving aside the frietion.
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The motion equation is given by

024to — !jho %z Uo = D sin 7 S(t)

the solution of which is

0 t <0

!

o = . . t
Uo (®, 1) ?r(ﬁmn%sm? t>0

Because of the remarkable similarity with the previous case, we
will use also in this case the above described method to solve the equa-
tion at first order in e.

THE ANALYTICAL RESULTS

For the first seiche we have

F(uo)=7y6{(y+7) cos y-{—T)m—l—
1 ¢os cos L ﬂ sin z sin —t— +
7 h ST e T
Loz 2z .2t costlt Xod . t
X1 - -2cos——1 - - 4 —— . 8in — cos —
T A T |cos t/t| T A T

One may remark that the first term is related to the roughness
of the bottom. It is proportional to é and it contains the y coefficient.
The second part is related to the laminar friction in the a = 0 and
a — 1 cases and provides the last two terms. We remark here that in
this case the « = 0 part of the friction is proportional to the laminar
friction, we will then not discuss it any more. We now describe F(uo)
as 2ede sin (Bx® + @&) - fe(?) from which it follows:

A t
A1=T!I(3(y+',— pr=1v9+ ; ‘P1=ﬂ fl=GOST

Ae=— goly— P =1y ¢ =5 3 fo=cos
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v fs = =0 fs = sin
A2t T P = P
., A2 T . 2t cos it
de=—14 P = n = fo =sin 7 |cos t/z]
., Az 7T .2 cos tft
A =1 fs=0 s = f; = sin 7 Toos ]
Ag = Xo @ =0 fe = sin
Then
u = A sin " sin = + 2rde sin (Brx + pr) T (t)
where
12
T gho v + 7\ ico. — ]\/ gho (y + 7) tl
1,2 1 t - -
Ts — |gho (y_)_.\ zcos? cos \/gho (Y—T) t’
T t - .t
Ty = — - tcos — + 5 sin —

This last result is proportional to the effect of Xo.
T, and T; are more complicated to describe in order to elementary

functions. We must introduce the S time intervals:

. ¢ _ T 11 3
So 0 < - < S Z <2 <Za
. 3 t 5 5% t 7
So 1< — <K —=7 N2 -;n(\—é;n ete
2 T 2
Then in the Ktt interval we have
T 1 . 2 i 2t
T, = 1) { —=sin — — —cos — —kmx
2 T T T
2t .2
-+sin -—2Lk=x
T T

The function
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For the second seiche, we can easily calculate the result by putting

A T, .
A— —and T — — in the 7'«(f) expressions.

In the case of a wind, in analogy with the free motion, the result is:

/] 2
F (o) = 6 _‘;T,(j, + 7) cos (7/ + 1—) r sin — +
0 féf—( 1 ¥ cos ( L z sin L2 Q?v sin a: cos t +
3 \YV 7T 7)) % p T AP
.2t sin tlt % 2 2¢ . 2t sin tlt
sin © - - - — 7 7 - eos —- - sin -
T [sin i/7] 72 A T |sin t/z|
from which we obtain:
1\2 1 ot
111:_(/6@)1(7/ +-—) ; ﬂ1=y+)—; o1 -z 3 fr = s —

2

=yé(f)§(y—7> s hr=y— 7= =sin

D 1 t
113=——._~v ;ﬁaz‘l— 3 pp =10 ;f3=COS~%—
2t sintfr
Ay =—D2 N T ; =0 @y = — 3 fi=sin — — -1
1 1 5 Ba ) Pa 3 fa Isin
2 4 .2t sint/t
5 — . ’ 5 — .7 = S — . T
x i v 2 i Is T |sin /1]

and the 7T(t) functions are

) 2\/gho‘(y—7
Zvl(t):'JgILo (y —+—7)—+—?} sin?—+- s
gho (y+—) - '

l 2

T2

s /g ho (v —+—7)t - ’x/ﬂho v+ 51— }

s |2 Jq ho

1\ 1‘
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L) = T | =>
Ta(t) = — ¢ sin —

ro =t T D k50— 1 a1
oo = e Y Lok — a1 a1

We note here a diiference between the effect of the roughness of
the bottom (which gives results limited when ¢ increases) and the two
other cases, where the velocity increases in norm as ¢ - oco. In our
opinion this effect is due to the main effect of the roughness: it gives
many small movement but it doesn’t decrease the kinetic energy. So
we are encouraged to try and see the effect of a laminar friction vAu
on this perturbation of the velocity. This friction should decrease the
kinetic energy but not the amplitude of the effect, because the wave-
length of the perturbation is 1/y which is very large comparated with A.
We study therefore the part of «; which is proportional to §, w: to which
we apply the vA operator. We obtain:

w=4Ayg ')’4—7] cosky+)—):c

0057 cos(y+7)ngbot N

cos cos \/q ho

2
siolr—z) &

thence

w2 :ffeosya d(t) + ¢sin z sin y @ Dq (1)
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y — in 2 To
To= 4L6 v 3 sins ,\/g Fo yt— iln \/f]l !
Ny o B Ngho h £ (o ho y)it
1 12
+ - — cos 2 o yt + ——————— sin A/Jg ho 17
g h y3 T )\/g y Jg ho ’}/ \/J
Agdvys | t .
Py = — 77 o= — ho yt— sl ho :
D, . \/g » 22 x/g o 7 cos «/g b Y % g oy s1n\/g b Pt \

We remark that we have obtained velocities which decrease with
time. Their numerical importance will be discussed in the following
part. We would like to add that one could intuitively assume that this
linear first part of a negative exponential, at least for the laminar
friction term and perhaps for the others as well.

3. — NUMERICAL EVALUATION AND FINAL DISCUSSION

In order to evaluate numerically the relative weight of these
results we have assumed

L = 108 m y = 14102 m?st; y = 10-2m-!
he = 3-102m A = 10t m §-!
g = 10 ms-? %1 = 6:10% m-!
Xo = 10-5 g1 d§ =1m
We then have
A/ 1 1\ !
= - - c - s —
w1 ona \7 + p e 0s ky + A +
2 T
1.2
- 46 Y=
§ ho — §
cos \/g h (y + 7 'I ! o, 1 cos|y +
72
] —_— A t
}\micos——cosw"‘qko{yﬁ— \t) 4 T‘— ?—i-
.ot . A2 (1 . 2t t 2
— 8in — sm%—ll»TI(— 1) It—z— sin : 7 cos . -+
2 Az 4 21
— kx} cos T YA Lj (— — 4 (-—1)*% +

. t A
+sin——2 kmn Yo —, — cos — sin —
T T T A
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the smaller scale motions which are strongly related to the bottom
irregularities.

0.5

Fig. 2 — The position at Venice of the free surface & during
t =1 = 3n20m, ¢, is the position corresponding to the velocity
Vg, &, to v, and & to v,

The preceding statement is stressed by the fact that at the second
order, the bottom roughness gives an internal friction the value of
which can be larger than the corresponding first order quantity. The
part of the friction which is proportional to », the laminar part, gives
a very small contribution to the general form of the friction, because
the coupling constant is very small. It has to remarked, however, that
its analytical form is very closed to the part proportional to Z.. This
analytical similarity could give origin a bit of confusion in the interplay
of these quantities, in any case we consider here the values usually
assumed on an experimental field. We can also say that the term
proportional to X, usually called linear bottom friction, describes also
the etfect of the friction on the boundary layer. On these same ground,
moreover, we can say that in the term proportional to %, the higher
velocities give the more remarkable effect. If, however, one has not a
flat bottom, one could expect that this kind of friction will give diffe-
rent eifect for different depth ho. We expect this phenomenon to be
important for a study of the real Adriatic Sea which is now in progress.
We can also say that all the frictions by us dealt have a linear effect,
because we have analyzed the first order of the perturbation expansion
of the real friction. If we assume on physical field that these effects
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are exponential, this hypothesis has some experimental evidence and
we could also say that these terms are proportional to

A A9
LAz, Hedr, 5T
and at the second order, to
Agdvy?

g ho
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