MAGNITUDE AND ENERGY OF EARTHQUAKES

B. GuteEnBERG - C. F. RICHTER

This paper is in continuation of previous i=vestigations (Gutenberg
and Richter, Paper I, 1942; Paper II, 1956).

The earthquake magnitude has statistical and other uses indepen-
dent of the relation between magnitude and energy. Indeed, it is pos-
sible that there is no complete one-to-one correlation between magni-
tude and energy for large and complex tectonic events. Even so, a
mean or representative relation is a legitimate object of inquiry.

In attempting to refine the magnitude-energy relation it was found
(Paper II) that three imperfectly consistent magnitude scales had been
in use:

ML
the original definition (Richter, 1935);

Mg from the amplitudes of surface waves for shallow teleseisms,
(Gutenberg and Richter, 1936; Gutenberg, 1945 a);

m, from the amplitude/period ratio of body waves for teleseisms,

determined from records of local earthquakes according to

shallow and deep-focus (Gutenberg, 1945 b, c).
The two latter were originally adjusted to coincide near M =17,

but were later found to diverge linearly so that
My — my = a (Vg — b) [1]

For a number of years reductions were carried out with a«=1/4,
b =17, converting values of m into the corresponding M_ The result
of this reduction may be designated M. The final value given for M
was a weighted mean between M and M. This may be taken as de-
fining M without subscript.

The adjustment between Mg and M can now be performed with
considerable accuracy, using the relation [1] with revised parameters

@ = 0.37, b = 6.76. This is equivalent to
m, — 0.63 My + 2.5 = My — 0.37 (Mg — 6.76) [2]

The revision is based on a large body of data. Magnitudes have
Lieen derived by the senior author, from surface waves and from body
waves separately, for a selection of better recorded large shallow earth-
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quakes as listed by Gutenberg and Richter (1954). Those for which
there was suspicion of depth in excess of the normal (believed to be
about 25 km.) were rejected. Values of m, were plotted against those
of M, and [1] derived from the plot. The values a = 0.37, b = 6.76

S
are comparable with those found by Bath (1955) as follows:

Station Body wave used a b
Uppsala PZ 0.45 6.3
PH 0.46 6.4
SH 0.23 5.6
Kiruna PZ 0.59 6.2
PH 0.50 6.5
SH 0.30 6.1

At Pasadena, a weighted mean is taken between m; as found directly
from body waves, and mg. the corresponding value derived from M
by applying the relation [1], or still better from tables and charts set
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up to give mg directly from surface wave data. This weighted mean
is designated the unified magnitude denoted by m.

In Figure 1 residuals my — mg on the basis ¢ = 0.37, b = 6.76 are

EARTHQUAKE MAGNITUDE AND ENERGY

CALCULATED FROM MAXIMUM GROUND AMPLITUDE
IN MICRONS (COMBINED HORIZONTAL COMPONENTS)
FOR SURFACE WAVES OF 20-seconp PERIOD.
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plotted against m, using amplitude and period data from all available
station bulletins,

(1) for all shocks in Table 13 of Gutenberg-Richter (1954) for
which there was no indication of depth exceeding 30 km., excluding
all uncertain or doubtful magnitudes;

(2) using all similar data for Table 14 (ibid.) for 1936-1939 and
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1950-1952 (inclusive). There is little indication of systematic deviation
from the axis of zero residuals. The slight apparent excess of positive
residuals may be due to the use of a few shocks with depths somewhat
greater than supposed, which should result in a decrease of m..

Comparable data for magnitudes below 7 are rare. Ten of eleven
shocks in the California region, with magnitudes near 6, give my — mg
from + 0.1 to —0.2; the eleventh gives — 0.4.

Figure 2 is a nomogram prepared by Mr. J. M. Nordquist for the
direct determination of m_ from surface wave amplitudes. The corres-
ponding values of M, and of log E from equation [6], are also in-
dicated.

The adjustment of M, to m or M cannot yet be determined so
closely as that of m to M, but can be stated with an error not likely
to exceed 1.5 magnitude unit for those shocks (magnitudes 3 to 6) most
often rated in terms of M. Representative results are given in Table 1.
Values in parenthesis are outside the observable range.

Until 1954, the writers generally reported magnitudes for large
deep shocks, and for large shallow teleseisms as determined from body
waves, effectively in terms of M, first determining my and then correc-
ting to My by applying equation [1] or an earlier approximation to
it. The correction was usually applied only to shocks of magnitude
7 or over.

It now develops (see Paper II) that many outstanding difficulties
disappear if the linear relation [2] is consistently extended to magni-

TABLE 1

Values of M, m and log E for given values of M, using
M = 1.27M;, — 1) — 0.016 M,>, m = 0.63 M + 2.5,

log E=5842.14m((E= energy in ergs)

ML 3 4 5 6 7 8 9
M 24 | 3.6) 4.7 5.8 6.8 7.9 (8.9)
m @0 | @7 5.4 6.1 6.8 7.5 (8.1)

log E [ 154 | 17.2 | 189 | 205 | 221 | 237 | (25.2)
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tudes below 7. Whereas shocks of the largest magnitude record with
surface waves relatively large compared with the body waves, shocks
of magnitude below 7 show relatively small surface waves when re-
corded at teleseismic distances. Many long-period instruments do not
record such shocks clearly; this makes assignment of magnitude from
the data of distant stations difficult. Short-period instruments in such
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cases may show a measurable P; the absence of recorded surface waves
is then sometimes misinterpreted as evidence for deep focus.

When equation [2] is used, and data for both body waves and
surface waves are available, two different determinations are in effect
available for either m or M. The equation gives m, = M for a value
near 6 3/4. When the magnitude does not greatly differ from this
figure, ‘problems of adjustment are minor, and reduce to judgement
as to the relative reliability of the two groups of data.

Although at present many more stations report amplitudes for
surface waves than for body waves, some ten years’ experience indi-
cates that my provides the better data in practice as shown by fewer
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systematic errors and more consistent results, as well as being theo-
retically preferable.

In using station bulletins to determine M, the maxima of surface
waves can be used for magnitude only when the period is near 20
seconds. If the period is not specified, there is risk that the reported

REVISED VALUES OF Q FOR PPZ, 1955
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maximum amplitude may refer to much longer or shorter waves, which
seriously falsifies M.

With some exceptions, magnitudes currently being reported in
station bulletins are either M, determined from nearby stations, or
Vg There is less general dete1nunat10n of my, and the relation in
equation [1] or [2] is often overlooked. Occasionally M is even given
for deep shocks as found directly from suzface waves; if the hypo-
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center is deeper than about 30 km., calculation on this basis gives too
low a value.

Routine station bulletins issued from Pasadena continue to list
magnitudes M which are either M L or Mg; but beginning with 1954
the annual list of large shocks also tabulates m, which is an interme-
diate step toward a definitive magnitude-energy relation.

The practical definition of the unified magnitude m consists in
a system of tables and charts for calculating magnitude from the quo-
tient amplitude/period for the maximum waves of the principal wave
groups P, PP, and S. This quotient is used in the form

q =log u/T or q=log w/T [3]

where u and w are respectively the horizontal and vertical components
of the ground displacements in microns and T the period in seconds.
Each table or chart gives for all distances and focal depths a quantity
Q such that for corresponding distance and depth

m=qg-+Q-+s [4]

where s is a ground correction characteristic of the station used.

Charts and tables of this type were first given by Gutenberg
(1945 b, ¢), where Q was designated A. Those accompanying the pre-
sent paper (Table 2, Figs. 3, 4 and 5) represent no change in funda-
mental concept, but only a revision. The statistical processes by which
the tables and charts published in 1945 were derived have now been
repeated by the senior author using a much larger body of data, and,
it is hoped, with greater precision. One effect has been to remove a
persistent discrepancy between magnitudes determined from horizontal
and vertical components; this discrepancy was discovered indepen-
dently by Bath (1955).

This procedure places the unified magnitude m on a self-consistent
and independent basis as satisfactory for teleseisms as that of M, for
local earthquakes, and with the great advantage of being applicable
directly to seismograms recorded on instruments of all types and at
all stations. If desired, a formal definition for m may be phrased as

lollows:
m—170=gq [5]

at a distance of 90° for normal shallow focal depth, where ¢ = log w/T
refers to PZ, and the station constant s is taken as zero, representing

average station ground conditions.
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TABLE 2

VALUES OF 10 Q FOR SHALLOW SHOCKS

A PZ PH PPZ PPH SH | A PZ PH PPZ PPH SH | A PZ PH PPZ PPH SH

16 59 60 725|156/ 68 71ER69 RT 0NN 664 [MI617 37685797 =747
175559460 638|N5788 68 T1RN69 T ORE6 61 | IR0 7887 488 8BS0 ST 4887
18 59 60 02 8[R58 586871887 0RN71T 6 ORI SO 87587 SR 7) S8 74 8873
19 60 61 58E|ESORN6R T 7 1SRG RN TI M6 678 |00 SN S 7 SE7 2807 43873
20 60 61 588156068807 1NE71RN738 664111 00874 88778572 874574
2198618862 60 |61 69 72 72 74 67 |101:°73 76 7274 T4
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26 64 66 62 |66 70 74 73 74 69 |106 78 82 74 76 72
278065867 63 867 70 7472574 N6 9N MI078 V798 838 48T 687D,
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29 66 67 637 [F6980 7 088747 ORE72 886 94| S109 8 0S840 74887 6887,

308668168867 R685=630 187008698873 B 70872 N6 9811 088 8118 5 74 76579
2167698 6758 688 63 M 1871697371 SE7388 708 M1 288 825086274807 6
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330067 169: 68" 1698 1648738869 79T 7IRET 3 698 |11 65988 U
3467 11690 16811690 65 |1 74 68 7170872681 [[1185290 75
350167 1169 1688869 1661 [E75 5688 718 N69N 7188 68111120 75 77
36 66 68 67 68 66|76 69 72 69 71 68 [122 74 76
37506567 6756866 18776957269 71N 688 K124 73875
S8RN65RN 678N 678638866 8157869738869 7186941126 72 74
3914641166 661 67 6751579 N68 721695 71N 681 11128 71 74
40 64 66 66 67 67|80 67 71 69 71 67 |130 70 73
4180658867 165 16611665 |1 8168727087285 68132 7073
42 65 67 65 66 65|82 69 72 71 73 69 |134 69 72
43 65 67 66 67 65|83 70 74 72 74 69 |136 69872
44- 65 67 67 68 65|84 700 74 73 75 69 |138 70573
45 67 69 67 68 65|85 70 74 73 75 68 |140 71 74
460 68IN 71 678868 W66 M8 686 973 BN 73RN T 5 BN 6 74 142 19874
47 69 72 67 68 66 |87 70 73 72 74 68 |144 70 73
48 69 72 67 68 67 |88 71 75 72 74 68 |146 69 72
49 68 71 67 68 67|89 70 74 72 74 68 |148 69 72
50 67 70 67 68 66 (90 70 73 72 74 68 [150 @ 70
1067 700 67 6871650 [Fo171 75" 8795 741691 111152 69 72
52 67 70 67 68 65|92 71 74 72 74 69 |154 699872
D3RR 67 T ORNG 76 S ER6 63 (RO 70N 5 BE70 ST AN 6 041 K156 690872
54 68 71 68 69 66|94 71 74 72 74 70 |158 69 72
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170 69 72

Since the relation of M to m is not yet on a definitive basis, the
authors suggest that the « Richter scale » as defined in 1935 be retained
for determining magnitudes of local shocks. For teleseisms, the use

of the unified scale m is preferred and strongly recommended. For

magnitudes from about 5 1/2 to 7, the departure between the two
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scales is within the usual limits of error under the now existing con-
ditions of recording and reporting amplitudes. Gutenberg and Richter
(1954) have not assigned magnitudes below 6 to shocks outside the
California area (within which M, is reported); such shocks are me-
rely designated by the letter d. Above magnitude 7Y% the scales di-
verge significantly; but then determinations from the data of nume-

rous stations scatter increasingly, and it is advisable to distincuish
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carefully between determinations from body waves and from surface
waves. It is urgent that magnitudes determined from seismograms at
single stations should not be published unaccompanied by the ampli-
tude and period readings on which they are based.

It is hoped that before many years have passed it will be possible
to express the entire range of observed magnitudes in terms of the
unified magnitude m.

Since the provisional use of m is especially intended for investi-
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cations relating to energy, m is being published together with the
energy calculated from it by the relation

log E=58-+24 m [6]

to be established on a later page.
For most types of publication the writers think it preferable to
follow a suggestion by Dr. L. B. Slichter, giving the value of log E

- : L ; | : ! PASS|
log 1o m-Qo
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Fig. 6

together with equation [6], and so avoiding confusion due to use of
numerically different magnitude scales.

Most calculations of the magnitude-energy relation depend directly
or indirectly on the equation for a wave group from a point source,
(see Paper II)

E=2n%h?vp (4/T)t [7]

where E is energy, h is linear distance from the source, v is velocity, 0
is density, 4 and T are amplitude and period of sinusoidal waves,
and ¢ is the duration of the wave group (which hence contains n = /T
waves).

This applies at the epicenter when h is hypocentral depth, and
includes a factor which takes account of the effect of the free surface.
Taking v = 3.4 km/sec. for transverse waves, applying a factor 3/2 to
allow for half as much energy in longitudinal waves, and using
I =16 km, o = 2.7 gm/cc, this reduces to

log E=12.34 12 q,+ log t, [8]
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where g =log A/T and the subscript zero refers to the epicenter.
A fundamental empirical equation is

qQo=—06-108 M, —0.01 M, (9]

This is a revised result drawn from the plot of g, as a function of M
for California shocks (Fig. 3, Paper II). Two further important equa-
tions are derived from plotted data (Figs. 6a and 6b):

log t,=—1-+04 g, [10]

and go=m—2.3 [11]

For the latter result most of the data cover a relatively small

range of m. Combining these

logt,=04m—1.9 [12]

On the other hand, if in [10] we substitute for ¢, its expression
in terms of M, from [9], we obtain

log t,—=—1.24 + 032 M, —0.04 M?* [13]

which differs only slightly from the corresponding equation set up
empirically in paper II, showing that the derivation of [9] and [10]
has been consistent.

Combining [9] and [11]

m=17-+08M, —0.01M,:* [14]

This is drawn on Fig. 7; it is not inconsistent with the plotted
data.

If instead of [9] we had used the corresponding equation in
Paper II, which has a larger coefficient of the quadratic term, the re-
sulting equation replacing [14] would lead to calculated values of
M, — M, which for large m are systematically too small to suit the
observations. This is the chief reason for revising the empirical rela-

tion between g, and M to the form [9].
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If we apply the relation [2] to [14] we find
M, =127 (M, —1)—0.016 M,* [15]

Equation [6] results from substituting in [8] the expressions for
4o and log t, from [11] and [12]. It has also been verified approxi-
mately by the following calculation. For a train of n (= t/T) sinusoidal
body waves, emerging to the surface of the earth at arc distance ®
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Fig. 7

from a surface source with horizontal ground displacement u, the
total energy calculated as radiated from the source is

E:8R3Rzpvt(u/T)2/U2L [16]
where U?/f? = tan i di /sin@® dE [17]

Here E — energy, R = radius of the earth, o = density, v = velocity,
I = duration of wave train, T — period, i — angle of incidence, fi is
a factor expressing the effect of the free surface as a function of i
(otherwise it depends only on Poisson’s ratio; see Gutenberg, 1944),
and L is a factor to allow for absorption, scattering, internal friction,
" effects of discontinuities, etc.

There are several simplifying assumptions: the earth is taken as

spherically symmetrical, the effect of hypocentral depth is neglected

(it is easily corrected for), energy flux is calculated by the ray method
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as used in geometrical optics, and the use of [16] to calculate total
energy implies radiation equally in all directions from the source.
In what follows it is assumed that 1/3 of the original energy is radia-
ted as longitudinal waves, and a factor 3 is accordingly applied.

Analogous equations to [17] and [18] apply to the vertical com-
ponent of ground displacement, replacing u by w and U? by a similar
factor W=

We next take e =3 gm/ce, v=06.3 km/sec (applying to longi-
tudinal waves), R = 6370 km; we also take ¢ = log u/T or q = log w/T,
where u and w are expressed in microns. Taking the logarithm of [17]

with proper attention to the units used, we arrive at
log E =188 4 logt -+ 2g — log U — log L [19]

We now assume that ¢ = t,; this has been confirmed roughly by
Dr. C. Lomnitz from seismograms recorded at Pasadena. Applying [12]
with ¢ in place of t,, and putting ¢ =m — Q,

log E =169 +24m—2Q —2loglU— log L. [20]
Comparing this with [6] we should have
2Q +21logU + logL =11.1 [21]

and a similar equation for the vertical component. Here, 2Q may be
taken from Table 2, and log U can be calculated from [17]. Working
this out for the vertical component of P waves, the following values

of log L are found:

® 20° 420 100°
log L — 2.0 —1.3 — 1.5

The calculation cannot be extended reliably to distances less than 20°.
The contribution of absorption to log L should be about 0.4 near 100°
and 0.3 at moderate distances. Loss by refraction at the M horovidig,
Conrad, and other discontinuities in the crust may account for a few
tenths in log L. This leaves about one unit in log L unaccounted for.
If all assumptions are correct, energy flux is reduced to roughly one
tenth within the first 20° of distance; this must occur within the upper
200 km of the mantle. If this is correct, we should expect a smaller

constant term in the energy-magnitude relation corresponding to [6]




14 B. GUTENBERG - C. F. RICHTER

for shocks at greater depths. This would agree with the relatively
low energy calculated by Sagisaka (1954) for a shock at a depth of
360 km. However, the constant term 5.8 in [6] and the coefficient 0.4
in [12] are not accurately fixed, and log E calculated from [6] may

be in error by as much as one unit.

Contribution N. 750 — Division of the Geological Sciences — Ca-

lifornia Institute of Technology, Pasadena, California.

SUMMARY

Discrepancies arise among magnitudes as derived from local earth-
quake data (M, ), body waves (M ;), and surface waves (Mg ). The
relation of M | to the others is as yet not definitive; but

Mg—m, =a(M;—Db)

The latest revision gives a =40.37, b = 6.76. Pending further research
it is recommended that M, continue to be used as heretofore, but Mg
(and ultimately M, ) should be referred to my as a general standard,
called the unified magnitude and denoted by m. Tentatively

log E=58124m

(E in ergs). Revised tables and charts for determining m are given.
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