STATISTICAL METHOD IN GEOPHYSICAL PROSPECTING

MATTHIAS MATSCHINSKI

§ 1. Let us consider (see figure 1) a very deep horizontal layer of
the earth’s crust. The lower line signifies a limit more or less defined.
The simplest possibility which can be supposed is that on this limit
the shear components of the stress-tensor (the components which pro-
duce the angular distortion of an element of the body) are very small
here or even disappear. This can take place either if in the neigh-
bourhood of the limit the temperature approaches a degree where
the distortion effects disappear and only the pressure components of
the stress-tensor exist, or if the nearest lower consists of a loose body.
But these two examples do not exhaust all possibilities. In the first
approximation the limit surface of every two layers has the supposed
property. Finally, if we wish to reach a higher degree of approxima-
tion, we can always introduce some more complex boundary conditions
(see also § 4).

It is important to emphasize that the theory proposed on this paper
(and the proposed method of geophysical prospecting too) is not limi-
ted on the acception of this very simple boundary condition. We
employed here this simplification only in order to establish the simp-
liest formulas.

The line at the top of the figure 1 represents the upper parts of
the considered layer where the material properties and the state of
vibrations are sufficiently homogeneous and where the measurements
characterize the general rock properties of the layer and the general
state of vibrations. This line can he situated at a depth of some meters
(for a loose rock) and even at a depth of some centimeters (for a hard
rock). In no circumstance can this line coincide exactly with the earth’s
surface.

Let us suppose that this layer is being moved irregularly as the
sea after a storm. The causes of this state of being agitated can be
numerous: the action of a distant earth-quake, the post-phenomena
after an explosion, the dispersion of the tremous and important pulses,
the vibration accompanied the slipping of the layer in the earth-
interior a.s.o. Let us also suppose that the considered layer is homo-
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geneously « filled » with these microseisms. The chaotic state of a
layer filled by wandering microseisms is one of the best subjects of
the theory of probability. But the stringent application of the theory
of prohability will come a little later. We begin from the simple me-
chanical considerations, which can give us results qualitatively not
different from the most stringent results of the probability-rules. Na-
turally these two kind of results are numerically not the sames, see 3e.

The simple mechanical considerations the results of which we
wish to emphasize, are illustrated by the figures 1 and 2. On the figure
1 we compare two cases of the layers of the same depth but of different
density ¢ ; the layers being differently agitated bave nevertheless the

same values of the stress. The symbol v, and the arrows near it indicate

the y-component of the velocity-vector. The directions of y and z
coincide with the horizontal plane, the x-axis is directed vertically.
The parallelograms symbolize the variation of the shear components

of the stress-tensor; the degree of the obliquity of the parallelograms
correspond to the intensity. The letter v.. indicates the components

of the tensor of the stress variations: \,,, \,, and Y, are the pressure
variations in the x,- y,- and z- directions; \,.. .., and Y., the shear
components of the stress variations. The parallelograms on the figures
1 and 2 ave the x,, components.

Finally let us suppose that the amplitudes of the variables Yy,
and v, are measured in the neighbourhood of the upper line on the
figure. Considering this figure we can easily visualize that X;» and vy
are proportional. The figures will help us to determine the kind of
this proportionality. Ilow is immediately clear from comparison of the

left and the right parts of this figure, the strong v; velocity components
correspond to the smaller g -values and reciprocally if the value of

Xi» is maintained. It follows from this comparison that the proportio-
nality we look for is v..=const. o . v,. It shows the coefficient of
proportionality is a linear function of the density.

The same is true about the depth. It is seen from the figure 2.
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Here two cases of the layers are represented where the density is the
sante hul the depth [ is different. It is clear that in order to call for

the same velocity-agitation in the case of the small depth we need the
very small value of the stress variation Y ,,, The density is supposed
constant for the left and right parts of figure 2). Therefore we can
write: v.. = const. p el v.

It is not difficult to imagine a pair of figures illustrating the third
possibility: we mean the dependency between the coefficient in the
considered proportionality formula an the frequency w.

It is evident that the considered coefficient is also a linear function
of ®w Therefore we are allowed [see also ()] to write finally the

proportionality formula as follows:

() Xip =p vl v,

The same results are easily obtained from the theory of « dimen-
sion ». But neither the mechanical consideration of the kind here
given nor the « dimensional » considerations could give us the value
of the numerical coefficient in the final elementary formula (I). We
have accepted in (I) that this numerical coefficient is equal to 1, but
we know it only from the stringent calculation which will he given
in the following paragraph. This calculation will show that (I) is true
but only as a first approximation.

§ 2. Examining the simple formula (I) an idea comes involontarily
that we can take advantage of it for the purposes of Geophysical
Prospecting. Indeed, if we shall measure the amplitudes of ¥ and vy
(velocities and variations of stress) corresponding to the same frequency
w, we shall be in possession of the methods to calculate the depth
I (supposing that the density is known). The expression «to calcu-
late » is perhaps to excessive for the simple division we need in order
to obtain the depth I from the formula (I). We get accustomed to more
complex calculations in geophysical practice.

Just the determination of the depth of the layers composing a
horizontal layer-system is one of the most difficult problems of Geo-
physics. The possibility of the applications of (I) to the geophysical
purposes being assumed, we see that formula is not a pretty Christmas
plaything, but an instrument of practical meaning and importance.

Now we show how the formula (I) can be approved by the mathe-
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matical calculation. We hegin from the well-known formulas repre-

senting the dynamical equilibrium in a continuous material system:

°X, | Xy Xy _ 20 80X, X aX,,
dx oy oy a3t ax dy oz
0X,, 99X, N 0X,, _ O?gf.
ax | dy oz at
Here Xj; are the components of the stress tensor. The x-axis is
vertical.

The meaning of employed symbols ( o, vy, vy, v,) is already given
in the preceding paragraph. Moreover we can suppose that the stresses
are linear functions of the deformation and of the velocity of deforma-
tion. This linearity expresses the fact that the considered vibrations
have small amplitudes; we consider only the microseisms.

This generalised law of Hooke we see in the formula:

[ du,

\ay

du, \
ox ) T \ay

[ dv,

dv,\

ox )



STATISTICAL METHO IN GEOPHYSICAL PROSPECTING 155

Herep.,. andp  are the material constants, the first represents the elastic
property of rocks, the second their viscosity. In order to simplify the
calculation we suppose that the vibratory state on and near the upper
horizontal line where one measure the values of X;» and vy (or of Xia
and v,), is sufficiently homogeneous. We employ the word « homoge-
neous » in the sense that all variables characterizing the vibratory
state depend practically only on x, but not on y and z. This very ge-
neral assumption permits us to find the equations which determine
Xi2 and v,

Szvv_l_ v, Pa~v, X, . ¥ X,, *X,.
Ly [ — ; e v . — P
‘ 2 x% 23t 2t # 2 x° dx* ot 21*

B

9 x*

On the same way the equations for the variables X;3 and v, can be
found too. The solution of these equations can bhe given in the form:

T

X,,=Mod I x e - cos(wi+ ) [D]
inh l / m*
st ] 1+iwb®

if we accept the elementary boundary condition mentioned in the § 1.
The introduced abbreviations « and b signify:

b 1/

2]

Finally for the low frequencies and for the viscous rocks (p,>>p,)

we have the formula:
(X, (@) :pm'uvy[(‘”) (E]

which coincide with the elementary formula (I); except that we have
introduced in (E) the supplementary indices ( w) for the amplitudes
of X;» and v, in order to emphasize that these amplitudes helong
to the same frequency.

How we have remarked on the § 1 the formula (E) is not the
unique formula, but only the sempliest one. But if instead of the simple
boundary condition of the § 1 we introduced the more complicated
conditions, we do not alter the general form of the formula (E), we
shall get:

IX o]\ = const. 1] v,]|(®) (EE]

Only the coefficient (const) will have other value, see § 4.
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The necessity to lock for the correspondance to the same fre-
quency is a weak point of the proposed method. Another difficulty
arises from the necessity of measuring the X;». The measurement of
the kinematical quantities is well known, especially the measurement
of the acceleration. The velocity we need, can be measured immedia-
tely or calculated from the measurement of the acceleration v; the
second possibility belong to the case of the sinusoidal vibrations, where
the amplitude of v differs from v only by the multiplier ®w. On the
contrary, the measurement of the stresses is very difficult and rarely
undertaken. Nevertheless it is not impossible, since we need to know
the variations of the stress (that is x,,), but not the stresses themselves
(that is X;2). For instance if we imagine working with a piezoelectric
body the measurement of the ahsolute values of X;» demands such a
complex laboratory apparatus, that its accomplishment can not he
realized in the conditions we have in practical. The absolute values
of X;, are too little and the quantity of electricity created on the
surfaces of the piezoelectric hody can be measured only with the most
precise instruments. Naturally an amplifier can not he used bhecause
there are only the constant quantities of electricity. However they are
not the stresses we need, but the variations of them. Here we have
not a constant quantity but a speedely altered state. Thus the ampli-
fication is possible throughout and the instrument that strictly speaking
makes the measurement need not he especially precise.

With a piezoelectric body they usually measure the pressure- com-
ponents of stress. Let us give therefore some details of the measure-
ment of the shear components, for example X;5,.

The principal scheme of such a measurement is represented by
fig. 3 and 4. How usually we have two piezoelectric slabs. They are
cut out from a piezoelectric body in such a manner that the maximal
piezoelectric effect is called forth by action of the shear components
of stress. In order to suppress any other possible action (even a little
on) the partition pieces of almost soft material are put hetween and
near to the metallic pieces which transmit the stress action from the
rock to the piezoelectric body. They are put so that all components
of stress except one are eliminated. For instance in the figures 3 and
1 the piezoelectric slabs and other parts of the apparatus are so di-
sposed that only the X,, — component give the altered quantities of
electricity on the slabs and the electrical current in the circuit.

§ 3. Having supposed that the values of variables X,, and vy (or X3
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and v,) aie measured by one way or other, we can turn to the inter-
pretation. As was also ohserved in the 2e, the theoretical difficulty of
the proposed method is the choice of the amplitudes corresponding
to the particular vibrations of vy and of x,, having the same frequency.
In order to resolve this problem two methods can he conceived.

The first possibility which can be proposed is the consideration
of the average values of v, and X,,, but not the momentary values.
The simple average values commonly employed are here not appli-
cable. Only the tensorial average values introduced by us [see (2) and
(3)] ean be usefull.

Let us introduce for these average values the following letters:
M;; the tensor of the average values of the velocity (vy, vy, v;) and
M;;; the tensor of the average values of the variations of stress ( \ij).
With these symbols the hasic equations of Statistical Seismology can

be written in the following form:

oM, oM,y aM,,
2x oy 2z ot
+3M122 aMws__P aM,.
2x oy dz ot
8M122 aMzss aMezs a"wzz
ox oy 2z at
M 4 OM 54 __PaMiil
dx oy dz 21
OM,yy M.y | OMyy, O M,,
ox oy oz ot
oM 44 OM 444 aMsss_ ¢
ox oy oz ot

[see also our article (4}]. The elementary case which we consider cor:

responds to:

2x ot
dM,, aMss
2x 21
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oM, - dMy,
ox ot

From the purely mathematical point of view the difficulty of resolving
them is not greater than the one of resolving the common equations

TFig. 4

of elasticitv. In our case the same mathematical transformations and

operations will lead us to the formula
M‘jk=pl(l)"Mik [F]

which is very similar to the one (E) given earlier. In the formula (F)
the Mo, and M3; correspond to vy and v,. But in order to calculate them
we are obliged to know not only one of values v, (or v;) and not many
value of v; only (or v, only) but necessarily many values of v; and
v, together. The same is true for the Moo, Mysy, M;33 corresponding to
X2 and X;ij.

Concerning the obtained formule (F) the same remarke if true
as the one which is done in the § 2 concerning the formula (E). On
the hasis of the same reasoning as these we can introduced also here
the generalised formule

M”k = const. | Mik [FF]

where the value of const. helong the chosen houndary condition on
the limit of the layers (i, k=2, 3).
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Naturally the values of M are not directly measured; it is as always
the values of v and X which we look for. Having the values of v and X
obtained experimentally, the values of M can be calculated numerically
or with a graphical mechanism.

But this theoretical way is not the only one. The correspondence
between the values of v, and X;, [see formula (E)} can be found with

- e b ea» ap o @v Ed wp ap e» oy = = (e o oo

—-——-———-————————J-

Fig. 5

a selector. The selector can bhe constructed in very numerous ways.
There exist already the patents for these selectors. Thus we have the
following simple scheme for the geophysical prospecting methods
using the discovered formula (E) (see figure 5).

Two elements characterizing the icroseisins are measured by
two instruments. The first is a common seismograph, the second an
instrument of the kind described in 2e. The currents furnished by
these instruments are fed to the selector which shows the correspon-
ding pairs of values v and X. Employing the formula (E) or the si-
milar formula if we wish to introduce houndary conditions other than
those of le we calcnlate one or a series of layers which are deeply
below our instruments. As we have said the formula (E) is only the
first approximation. If we shall emplov the following approximations
[see (4)] we shall be able to calculate the physical constants of the

layers too.
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§ 4. How we have already remarked the formulae (E) and (F)
are not the unique formulae, but only simpliest of their kind.
Generally three kind of boundary conditions can be imagined for
the surface below the considered layer:
«) The substratum is infinitely solid and firm; there are no dislo-
cations in the neighbourhood of the limiting surface.
In this case the position of the lower line (see figura 1) is fixed

and the houndary conditions are:
vy=v,=v,—O0 (G)

on the limiting surface.

b) There are numerous and not to small dislocations in the
neighbourhood of the mentioned surface. Or (what gives the same
phvsical consequences) the substratum is infinitely weak and even
liquid.

Here the existence of the angular distortions and the shear compo-
nents of the stress tensor is impossible. On the limiting surface the

following boundary conditions can be supposed:
X0 = X;3 =0O(and X;; = O too) (H)

¢) The substratum is neither sufficiently solid nor sufficiently li-
quid; and the dislocations hetween the considered layer and the sub-
stratum are present in quantity not great enough in order to de-
termine (H).

The only conditions we can suppose on the limiting surface in
this general case are:

Xi; in the substratum = Xj; in the considered loyer

V; in the substratum — V; in the considered layer

For the statistical applications the conditions (G), (H), (J) can be
written:

(Gs)
M;=0 (Hy)

M;; in the substratum = M;; in the considered layer
M in the substratum = M, in the considered layer (32

on the limiting surface (the lower line on the figure 1).
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The case D) / conditions (H) or (H) / giving the simpliest formula
are already considered in the §§2 and 4. Let us now take in conside-
ration the cases @) and c).

For the first case instead of the formula (D) we have:

l'-— X w*
sinh T T iwb-
v, = Mod.  ® - 2 cos@i+9), (K
Lo

h a ] +iwb-
v, — simile
or:

sinh L—x 1

Moo = Mod. | M, al } liivb

cos (wt -+, (K,

sinh — ———— \

a 14+iwb?
M,, —simile | M, — simile

Finally we ohtain:

either: v [@ _ . (@) non statistical case) L
‘o const. v, ... ele. |

f(e) elc. (statistical case) (L)

In the general non-statistical case we have not only one equation
(C) but two equations:

2X . 3 X,.0) 32X .0 ,
*X,, . X =—ps (M)
dx* x> ot o1t
for the substratum and
2% X 23X (9 22 X(©)
cc + Pve -=-—pcC (P)
* 3 z2 2x°3dt ot
for the considered layer.
The solution can he chosen in the form:
(s.00) a, l/ln'—t(.«)b,!2 Tt
Xi‘.l(C) = [Xl::(lvc ©) sinh————— + X,.,(z’"’“’) cosh __(DZL—
a.J/1--wb, =-iwb,-

(R)
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Here the conditions (J) can be written as following

ol

wl
va,Yl+io b,

wl
_aV1Eiobd v o), alitebe
a,J1+iwb?

(.a,, V1+iwb?

Finally, instead of (D), we have
/ A acl/lhl“iu)bczosmh(—-il%\—l—

Xm(C) = MOd.l Ao ‘ . e:}:io)t .
\ acl/liimbg.sinh(

(2,c,0) . wl
X o sinh ———
)+ t " (a,]/liiwa

e —— |
afJl+iwb?) +
(T)
+a)l-Limh?. cnsh((l—}-—é)w
alfl+ind,?
lw

+ a, l+i(nb,2.c Sh[:‘—
/ O eIl L iwbs

and the formula (EE) (if p,>>p.).

In the general statistical case the equations (II) must be remplac-

ed by

_ dM,,» 8V, dMy,® U, O a M,
dx "Tar T ax P e T ax P ey
(M)
for the substratum, and
OM,;, LAV aM O My OM 449 9
ax YY" o ' ex 0% sy
(Ps)

for the considered layer.
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Further we can calculate:

wx

—as /1_»l b82 I
Mms(s) =M (5:0) .e M1z . ej:'mt

122

(c) (1,c,0) . wx
M 00 = M,.,., S nh: +
allLimbe (R.)
+ M (Z’C’m)cosh ak o

122

all+inb,

M,,, and M, — simile

Mg, e -M

- h{ —————
122 Sin ( Vl:i:wa2I+
(2,6,0) wl
M sh | ———————
+ Mz e (( J1 +iwb,

aJl frwb* M (s,w) —asl/l—%—lmb52 (Ss)
- a)l +fiwb? % ¢

- M‘22(1’01w\603h "_m———lﬁ +
aVl+iwb?

+ n,[‘nn(zy”m) (
\a. ]/1 1+:twb,

M,,, and M, ,, — simile

ac]/l +iwolr.anh —(&
(¢) — Mod { M 0)(2(,0 l‘) elmt acV-l Tiw bc

a]/l l(l)b" Sl:nh _lwz)
aJl +iwb,,

M

122

I+xw
ATERTY X
lw
aJl +iwb?
and obtain the formula (FF) (if p,>>p,).

+aJl+iwb?. cosh

(Ts)
as]/l +iwb?®.cosh
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The statistical method of the tensor average values applied in this
paper has interest not only for the Seismology but also for all branches
of Geophysics. The author has also given the applications of this
method on the phenomena of the electromagnetic / see (5) and (6)
fields und of the fields of gravitation / see (3) /.

Finally we must mentioned that there are two kinds of statistical
methods in Geophysics:

a) Methods of the pure prospecting / see (1) and (6) / and
b) Methods of the estimation of the certitude of the geophysical

prospecting / see (7), (8) and (9) /.

SUMMARY

As an example of application of Statistical Methods the author
considers the natural vibration of the earth crust or its post-explosion
vibrations. He gives a short description of his theoretical results on
the statistics of these chaotic waves.

Two important and very simple formulas issued from this general
theory are mentioned. They represent the proportionality between
certain components o} the tension tensor and of the velocity vector
measured near or on the surface. The first formula — (« classical » me-
thod) — «affirms the proportionality between the selected elements of
components. The selected elements of the tension and of the velocity
should correspond to the same kind of vibrations and to the same
frequency. The second formula — {( « statistical » methed) — introduc-
ed the average values of the components. These results can be applied
to the determination of the horizontal layers on the basis of measu-
rements on or near the surface. This possibility comes from the fact
that the coefficient of proportionality in the mentioned formulas con-
tents the thickness of the layers. In first approximation this coefficient
gives only the thickness, in second approximation, the physical pro-
perties of the layers can be also calculated.

Each method, «classical » and « statistical », can be realised on
two ways. For instance, if we apply the first method, the measurement
of the tension and the velocity can be completed by using the selector
(the scheme of it is also given). In this case the calculation is not
necessary. On the contrary if using the selector appears too expensive,
we can limit ourself only on the measurement of the tension and the
velocity and carry out the necessary selection by means of calculation.

The same is true for the application of the second formula.
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