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ABSTRACT

A mathematical model of water diffusion in the vadose zone has been im-
plemented for different types of soil textures in order to determine the soil
water content (SWC) profiles in dependence of depth and time. From
these profiles, obtained for different soils, we derived the characteristic
electrical parameters, such as relative permittivity (€, ) and electrical con-
ductivity (), and their variation in time, employing empirical relations
available in the scientific literature. The simulation through mathemati-
cal models has been performed taking into account different types of soils
characterized by the percentage composition of sand, clay and silt in the
textural triangle, which provides some physical and chemical properties
that affect the water retention in the soil. The resulting simulated profiles
of SWC and consequently permittivity and conductivity profiles, span
over a certain range of values suggesting the best techniques and the lim-
its in geophysical investigation. Moreover this a-prior knowledge helps in
the elaboration and interpretation of permittivity and conductivity data
obtained by the measurements. Permittivity and conductivity profiles are
particularly useful in some environmental applications when the soil tex-
tures are (or supposed to be) known as in the typical case of landfill
leachate dispersion. Since the soil textures beneath or nearby a disposal
waste are characterized by a SWC, the values of €, and o at various depth

can be directly inferred.

1. Introduction

Electrical conductivity (o) and relative dielectric per-
mittivity (¢,) are two independent physical properties
that characterize the behavior of soil when excited by
electric currents or electromagnetic fields [Settimi 2011].
The electrical conductivity and dielectric permittivity of
the constituent minerals are the main controlling factors
of the electrical properties of soils [Kriaa et al. 2014]. The
derivation of these quantities related to the water con-
tent provides useful information regarding the practical
use of geophysical investigation (GPR, TDR, etc.), ap-
plied to unsaturated subsurface vadose zone of medium.
This zone has relevant importance in different ambits and
especially in geophysical prospection [Huisman et al.

2003]. The unsaturated portion of soil concerns the first
meters beneath the ground level down to the water table,
where the saturated zone begins. In this section hydro-
geological properties (physical and chemical) are impor-
tant since they dominate the electric properties of soil,
described by the two quantities 0 and ¢, . These last quan-
tities can be directly measured through several techniques
or theoretically deduced (constitutive relations) in a ho-
mogeneous medium. In this paper these parameters are
estimated through soil hydrologic models [Huisman et
al. 2003]. In the latter case the SWC in vadose zone plays
an important role to determine both relative permittivity
and electrical conductivity since they are strongly de-
pendent on it. The different soil textures can retain dif-
ferent percentage of water, due to its porosity, under the
action of two agents: the gravity potential and the ma-
trix potential. The diffusive equation is driven by these
quantities and cannot be solved without models. These
models need in input physical parameters that quantify
the textures of soil. In the past decades authors pro-
posed different numerical parameters [Mualem 1976, van
Genuchten 1980] to solve the so-called Richards equation
that well describes the water diffusion in the vadose zone.
Once the input parameters for the particular type of soil
are established it is possible to numerically calculate the
SWC, which is function of time and depth. SWC is the
most important hydro-geological parameters that jointly
to salinity and porosity affects the electrical properties
in the unsaturated soils.

This paper deals with simulations of soil model in
order to evaluate the SWC and consequently through
Topp and Archie empirical relationships to determine
the electrical parameters of soil. In this specific case, we
obtained 3D profiles that show temporal and spatial
variation of the electrical properties. The study focuses
on soil investigation theoretical approach, that could
be a useful tool in some environmental and geophysi-
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Figure 1. Water retention curve that links the two variables 6 or y
depending on the type of soil [Tuller and Or 2005].

cal applications. Furthermore it could represent a pre-
liminary phase which precedes the measurements and
facilitates the interpretation of the results (GPR, TDR,
ERT and other similar geophysical investigation tech-
niques e.g. after raining survey or in landfill control).

2. Water content models

Water flows in saturated porous medium and water
content retention in different kind of soils has been sub-
ject of many studies. To describe this phenomenon in the
vadose zone Richards proposed an equation which is a
combination between the flux equation and mass con-
servation, and it characterizes the SWC trend over time
[Richards 1931]. The software developed to derivate SWC
presented in this paper it’s based on well-known litera-
ture models such as van Genuchten, Mualem, Brooks
and Corey. The introduction of these models was neces-
sary, due to the impossibility to analytically solve the
Richards’ equation.

The water diffusion equation into unsaturated soil
in one-dimensional terms can assume the following
form:

% _ 2 (2H) @

o~ 2z \N oz
where 6 is the SWC [m?/m?®], H represents the hy-
draulic head: H = y + z, being y the matrix potential
and z the elevation above a reference plan (level). K is
hydraulic conductivity in (m/s). The above is the so-
called Richard’s equation that has no closed form solu-
tion because K is depend dependent on 6.

The substitution of the hydraulic head H with y +
z, leads to the so-called Richard’s mixed form:

=S+ )= S5 +1)] @

Here please note that K is the hydraulic conductivity

in [cm/day] and 0 is the soil water content [cm?®/cm?].
It describes the movement of the fluid (fluid motion)
in a non-saturated and porous medium. It is a non lin-
ear partial differential equation and, as such, it has no
analytical closed form solution and must be integrated
numerically.

%?=—%ﬁ«9i%§+1ﬂ 3)

Furthermore, K(6) is not a constant in the strict
sense, as it depends on the same 6, hence the problem
need an appropriate model to be treated. Here it is pre-
sented in one-dimensional term along the vertical z.
Equations (2) and (3) have a two dependent variables 6
and H (or ), so the resolution of the two forms re-
quires the definition of a constitutive equation that binds
0 and y as in Figure 1 [Mualem 1976]. From USDA
(United States Departement of Agriculture) triangle
textures shown in Figure 2 typical van Genuchten pa-
rameters are reported in Table 1 [Leij et al. 1996].

As mentioned earlier K is not a constant, because
of its dependence on 6 and for this reasons, a model for
each different soil textures is required. This demands a
constitutive equation that takes into account the water
retention curve.

Such a curve depends on the soil pososity, or, even
better depends on the effective saturation Se [Leij et al.
1997]. The latter can be expressed as:

Se = (6—6r)/(6s—6r) (4)
where: s is the water content in saturated conditions

and Or is the residual water content. It means that if
Se=0 the fluid can be found only in gaseous phase,
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Figure 2. USDA (United States Departement of Agriculture) tex-
tures triangle.
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Textural class N 39r 5 36s 5 v n
[ecm?/cm?] [ecm?®/cm?] [1/cm]

Sand 126 0.058 0.37 0.035 3.19
Loamy sand 51 0.074 0.39 0.035 2.39
Sandy loam 78 0.067 0.37 0.021 1.61
Loam 61 0.083 0.46 0.025 1.31
Silt 3 0.123 0.48 0.006 1.53
Silt loam 101 0.061 0.43 0.012 1.39
Sandy clay loam 37 0.086 0.40 0.033 1.49
Clay loam 23 0.129 0.47 0.030 1.37
Silty clay loam 20 0.098 0.55 0.027 1.41
Sﬂty Clay 12 0.163 0.47 0.023 1.39
Clay 25 0.102 0.51 0.021 1.20

Table 1. Typical van Genuchten model with parameters («, n) including residual (6r) and saturated (6s).

while if Se=1 we are in saturated conditions. Because
the hydraulic conductivity K depends on Se, therefore
the introduction of models [Brooks and Corey 1964,
Mualem 1976] that take into account such a depend-
ence K—K(Se) is necessary. In this work the following
model proposed by van Genuchten has been adopted:

K(S,)=K./s,[1— (st )| )

Such a model [van Genuchten 1980] is widely em-
ployed in this field. In this work was also introduced the
dependence on the matrix potential like:

se=1/(1+|ay ]y ©
with tabulated parameters o, n=1—1/m

99 _ (6,— 6, ynma(—ah)

oY _ 7
¥ (el 7

Equation (3) after some few arrangements be-
comes

060 oY el oY
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Equation (8) is numerically solved in Matlab pro-
gram through the van Genuchten’s model, given in re-
lations (5), (6) and (7). This allows to obtain both 6 (z,t)
and y (z,t) variables in function of time and depth.
Since the implemented model it’s based on equations
having validity in vadose zone the simulated depth can
only reach the water table. Limits on the depth param-
eter are intrinsic in the matrix potential that cannot act
on more than 10 m above the water table in ideal con-
ditions, which reflects in a 2-5 m action in real condi-

tions depending on soil texture. Also the heterogeneity
of the soil has been strongly simplified and the missing
data interpolated with a statistical algorithm.

3. Empirical relations to derive relative permittivity
of the soil

Many physical and empirical models have been
suggested for the evaluation of the 6 —¢, relationship
in the literature. The relative permittivity is the main elec-
tric quantity employed to define SWC in the soil since it
can be easily measured through various techniques. The
relation that ties these two quantities was empirically
established [Topp et al. 1980]. This equation is valid for
a wide range of mineral soils and independent from soil
bulk density, ambient temperature, and salt content.
This led many authors to the use of the term “universal”
for this equation with appropriate caveat that “in or-
ganic soils or heavy clay soils problems arise which may
require site-specific calibration” [Cosenza et al. 2003,
and the reference therein]. In this specific study the
Topp’s formula [Topp et al. 1980] has been used . From
well-known water content profiles, obtained by a mod-
eling software [Bianchi et al. 20157, Topp’s relation (9)
allows to derivate the relative permittivity values of soil
from the SWC. This empirical model was generated
using time-domain reflectometry (TDR) at a frequency
between 1 MHz and 1 GHz to measure &, for several
mineral soils. The estimated error in this model is
0.013. General Topp’s model can be expressed:

€, = 3.03 +9.30 + 1460" — 76.76° 9)

where ¢ is the relative permittivity and € is the soil vol-
umetric water content. They also provided another in-
verse relation as follows:
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Ow(e,)=—53X10 *+2.92X10 ‘¢, —
55X 10 ‘e, +4.3X10 ‘g, (10)

A specific calibration is needed for soils with
higher water content or organic matter:

€, =1.74—0.340 + 1350° — 556’ (11)
for organic soil;
e,=3.57—31.760 + 116" — 68.26° (12)

for 450 um glass beds [Mukhlisin and Saputra 2013].

The model relationships works better for frequen-
cies around 100 MHz. At higher frequencies and mois-
ture contents near to saturation (6~0.4) the Topp-model
over-predicts relative permittivity by up to 20%. At very
low water contents the Topp-model doesn’t perform
well, particularly for soils with a large clay content [van
Dam et al. 2005]. However, later studies have shown the
dependency of the 6—¢_ relationship on clay content
[Persson et al. 2000, Bouksila et al. 2008] and mineral-
ogy [Cosenza and Tabbagh 2004], organic matter and
porosity or soil density [Malicki et al. 1996 and Persson
et al. 2002], and soluble salt content [Dalton 1992,
Nadler et al. 1999, Persson et al. 2000].

Ledieu et al. [1986] have shown another form of
empirical equations to describe the 6 —¢_ relationship,
that can be used to expand the Topp model for higher
water content [van Dam et al. 2005] of the form:

/€ =b,+b,6 (13)

40
35 4

30 +

Relative Permittivity
[ e
(=] w

L L

[
w
L

10 -

where b, and b, are two empirical parameters depend-
ing on soil type. In the same paper Ledieu et al. [1986]
found the following relationship:

6 =0.1138¢)° —0.1758 (14)

This relationship appears to work better for most
mineral non-magnetic soils over a range of frequencies
between 1 MHz and 10 GHz [Hamed et al. 2006].

Roth et al. [1990] for mineral soil proposed this
empirical relationship:

6 = —0.0728 + 0.044¢, — 0.00195¢7 +0.0000361”  (15)

While for organic soil and material is:

6 = —0.0233 + 0.0285¢, — 0.000431£” + 0.00000304¢; (16)

the error estimations of these equations for mineral soil
and organic soil are 0.015 and 0.035 cm?/cm?, respec-
tively [Mukhlisin and Saputra 2013].

Although a comparison of all the above relation-
ships showed a similar trend (Figure 3), Topp’s formula
(blue curve) resulted the relationship that best fitted the
input data, since is calibrated for soils that can hold a
water content up to 50%. Indeed in unsaturated zone
the pores in the soil can be filled not only by water but
also by air.

4. Empirical relations to derive conductivity of the soil
Another major controlling factor, of the soil elec-
trical proprieties estimated in this study, is electrical

—Topp
—Ferré

——Roth

0 : : T : T !
0,00 0,10 0,20 0,30 0,40 0,50 0,60
SWC[ m¥m?]

Figure 3. Empirical relations comparison.
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conductivity. Although usually geoelectric investiga-
tions are focused on the measurement of soil resistivity,
in this paper conductivity is preferred to resistivity (i.e.
the inverse quantity), since prevalently we refer to rain
water data given in terms of conductivity entering in
the following equations. The empirical relation to esti-
mate the electrical conductivity both for saturated and
unsaturated soil is the Archie’s law [Shah and Singh
2005] also spread in the literature.

This last one connect electrical conductivity of sat-
urated rocks (o) to the conductivity of the electrolyte
pore of soils (o), it can be expressed as:

-1
o, =F ow-l-oqo (17)

where o is the conductivity contribution which char-
acterizes high clay percentage soils. It can only be neg-
lected for high saline water content filling high porosity
soils. F is the formation factor which is equal to:

F=¢™ (18)

The parameter ¢ is the porosity, and m is the ce-
mentation exponent which increases with compaction,
cementation and consolidation; it varies between 1.3
and 2.5. Unconsolidated sands have values in the range
between 1.3 and 1.5 [Dannowski and Yaramanci 1999,
and the reference therein]. Generally, the resistivity
value is greatly influenced by basic soil characteristics
variation such as fraction of solid, air and water. Ac-
cording to [Griffiths and King 1981, Telford et al. 1990],
resistivity value was highly influenced by pore fluid and
grain matrix of geomaterials. In compact condition, it
was found that at high compaction values corresponds
lower resistivity value (or higher electrical conductivity).
The volumes of pore in compact condition were reduced
and cause the current to easily propagate especially dur-
ing the existing of water [Abidin et al. 2013].

Another form has been proposed, known as Archie’s
second law:

which has been developed as an extension for unsatu-
rated rocks and soils including the I factor

I=Sw™" (20)

The saturation index I depends on the degree of
saturation Sw and the saturation exponent n. This latter
was observed to be about 2 for consolidated rocks and to
range from 1.3 to 2 for unconsolidated sands [Lesmes
2005, and the reference therein]. Archie’s second law (19)
has been chosen and implemented in the modeling
software to obtain profiles of electrical conductibility
trend over time which characterizes the vadose zone.

This physical quantity depends on a number of pa-
rameters as soil texture, water holding capacity, organic
matter, salinity and ions exchange capacity. The con-
ductivities of water filling pores is an important factor
in the process of electric current flow through the soil;
especially when a quantity of salts are dissolved in it.

5. Simulations and results

The software estimation of the effective water
content, in a porous soil is determined by Richard’s
equation (Equation 3). The latter is a partial differential
equation that can only be solved with the implementa-
tion of the van Genuchten soil models. Hence water
content is strongly affected by physical property of soil
material (porosity, capillarity, etc.) and fluid properties
(viscosity). Indeed at equal initial conditions, retention
water content only depends on matrix potential in op-
position to the effect of gravity, preventing leaching
through the ground till the water table. In the per-
formed software simulation, specific initial condition
(infiltration velocity), boundary conditions (water table
depth, ground level and saturated zone hydraulic head)
and simulation parameters as time and depth have been
taken into account.

Infiltration is the volume of water passing into the
soil per unit of area per unit of time. Simplifying it has
the dimensions of velocity [m?> m™? s™']. Depth is in-
tended not only as the depth of the water table, or line

1 1 . . .
O,=F T Ou +o o (19) of saturation, but also the points in the modeled space
Infiltration C cati Water table
. . . ementation
Soil type Porosity velocity ow exponent Saturation depth Time
[cm?/cm?] [cm/day] [mS/m] P exponent [cm] [day]
Sand 0.375 4.010 5 1.4 2 200 4
Silt 0.489 1.688 5 1.4 2 200 4
Clay 0.459 1.603 5 2.5 2 200 4

Table 2. Simulation parameters.



PORRETTA AND BIANCHI

where the solution is calculated. Hydraulic head is an
equivalent measure of the pressure expressed in height
of water column, and it is the sum of pressure head
(fluid internal pressure) and elevation head (pressure due
to gravity). Following a summarizing Table 2 of the main
simulation coefficients, parameters and physical quan-
tities that were used to determinate the electrical con-
ductivity, permittivity and water content relative to the
soil textures object of this paper.

The simulation through mathematical models of
the WC profiles has been reported, respectively for the
most common texture soils types (Figures 4, 5, 6). The
picture obtained by the modeling software, shows
range of water content up to 50%, and the relative per-
mittivity and electrical conductivity values linked to it,
plotted in a 3D space. A time of four days has been cho-
sen because sand soils after that amount of time lose
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all the water retained in it, and resulted completely dry.
Due to this quite fast change in SWC, the electrical
properties are also subject to a rather remarkable vari-
ation. So the results of the simulation show how taking
a measure on a certain soil texture (after-rain survey)
could be misleading if the soil retention is not taken in
consideration. From Figure 4 it is possible to see how;,
in a typical clay soil, water content in the topsoil layer
changes very little due to its high degree of retention.
In the other hand, sand soil (Figure 5) with medium-
size texture have a low moisture holding capacity, which
results in a seep through the ground downwards. Silt
take up an intermediate behavior between sand and
clay soils (Figure 6). Topp’s derivated relative permit-
tivity as shown below for clay, sand and silt (Figures 7,

8, 9) and Table 3 shown an average of relative permit-
tivity values (¢,).
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o £

[cm?/cm?] r
0.10 5.343
0.15 7.451
0.20 10.116
0.25 13.281
0.30 16.889
0.35 20.881
0.40 25.201
0.45 29.791
0.50 34.592

Table 3. Relative Permittivity and corresponding SWC values ac-
cording to Topp relation.
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Since relative permittivity is an electrical physical
characteristic which exclusively depends on inner water
content, for high degree of moisture content, relative
permittivity in simulation test increase.

Indeed, clay soils texture are characterized by higher
relative permittivity values than sand soils, which gener-
ally shows much lower relative permittivity. Silt soils,
show a range of values between 0 and 24.

Profiles for the electrical conductivity have been
present in according to Archie’s second law (Equation 19).
Also in this case, the profiles were obtained simulating
a time of four days as shown in Figures 10, 11 and 12.

Since electrical conductivity is linked to total dis-
solved solids (TDS) and increase considerably in func-
tion of this quantity. To simplify the model, a fixed total
solute concentration has been considered, which results

[mS/m]

91.35

91.25

= 45
a5 40 I91.05

Y[m]
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in a typical rain water electrical conductivity value of
about 5 mS/m. Furthermore, in the specific case of
clay model, the contribution of the surface grains or
particle conductivity (of about 90.94 mS/m) has been
taken into consideration. Clay surface’s mineral parti-
cles influence considerably the electrical conductivity
of this specific texture which results in an increase of
the total current flow through soil as shown in Figure
10 and Table 4.

6. Conclusions

This paper dealt with the estimation of relative
permittivity and electrical conductivity profiles inferred
from SWC models for different soil textures. As well
known the different percentages of the soil components,
namely sand, clay and silt, described trough a numeri-
cal model allows to solve the Richards diffusion equa-

40

25 Y[m]
20 0.1

30 35

10

[mS/m]

45 0.3
a5 40

25 Y[m]

20

tion and determine the SWC in dependence of depth
and time. Such quantity is mainly responsible for the val-
ues assumed by the relative permittivity and conductivity
along depth and time. Because of seldom geophysicists
have a prior knowledge of the subsoil electrical parame-
ters even in the case of homogeneous soil’s composi-
tion these simulation yields of SWC along the vadose
zone once recognized some characteristic properties of
soil textures. Conversely, more commonly, this infor-
mation can be used in the opposite sense inferring the
SWC from the relative permittivity and conductivity.
The prior knowledge of the permittivity and conduc-
tivity modelled profiles could help geophysicists and op-
erators to better interpret the field measurement’s results
as in application of landfill monitoring where the soil tex-
tures are known. The modelled SWC and corresponding
electric parameters are useful to choice the suitable tech-
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(< o Sand o Silt o Clay
cm?®/cm? mS/m mS/m mS/m
[ ]

0.1 9.010E-05 7.680E-05 9.094E+01
0.15 2.026E-04 1.728E-04 9.094E+01
0.2 3.603E-04 3.072E-04 9.094E+01
0.25 5.629E-04 4.800E-04 9.094E+01
0.3 8.106E-04 6.912E-04 9.094E+01
0.35 1.103E-03 9.409E-04 9.094E+01
0.4 1.441E-03 1.229E-03 9.094E+01
0.45 1.824E-03 1.555E-03 9.094E+01
0.5 2.252E-03 1.920E-03 9.094E+01

Table 4. Electrical conductivity and corresponding SWC values according to Archie relation.

niques to be employed and the optimal mathematical
inversion algorithm to retrieve the electric profiles. The
results of these simulations as reported in Tables 3 and
4, and Figures 7, 8 and 9 show the strong dependence
of the permittivity from the SWC.

Other soil parameters have negligible influence on
this quantity. Different is the case in which we consider
the conductivity. In fact SWC dependence is important
even if salinity, temperature, etc. are less relevant but still
important for soil conductivity. The estimation of this
two profiles have relevance especially when the soil tex-
tures are well characterised. In such a case this allows to
simulate SWC through the above discussed model and
consequently estimate these two electric quantities in
function of depth and time in unsaturated soil. A com-
parison with others studies carried out previously [Zhou
et al. 2001, Michot et al. 2003, Schwartz et al. 2008],
showed the validity of the inverse method to convert
soil moisture content to electrical resistivity using ERT
with a modified form of the Archie’s law. Starting from
a given water content, electrical resistivity trend in time
can be traced. Application in landfill monitoring is one
the fruitful application since leachate dispersion can be
profitably inferred through the measurements of the
soil electric parameters £, and o.
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