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1. INTRODUCTION 
 

Laboratory studies have extensively demonstrated 
that lava rheology under certain conditions including 
vesicularity [Stein and Spera, 1992; Badgassarov and 
Pinkerton, 2004], crystalline concentration [Pinkerton 
and Stevenson, 1992; Smith, 2000; Sonder et al., 2006; 
Champallier et al., 2008] and in a certain temperature 
range [Shaw et al., 1968] assumes non-Newtonian pseu-
doplastic properties. 

When the problem of lava flowing under the effect of 
gravity is resolved, the power law rheology introduces a 
non-linearity in the diffusion term of the momentum 
equation and consequently an analytical solution of the 
differential equations governing the motion does not ex-
ist. Furthermore, if the viscosity function also includes 
temperature dependence, the thermal equation is coupled 
to the dynamic equation. Hence the need to solve nu-

merically the thermo-dynamic equations describing the 
flows of a fluid as complex as lava. 

In the thermal modeling of lava flows, the greatest dif-
ficulties are due to the different thermal exchanges both 
external (surface thermal radiation, forced convection, 
conduction at the base) and internal (axial advection, vis-
cous dissipation, latent heat, internal conduction) to be 
taken into account. Despite the great progress made in nu-
merical modeling, it is necessary to assume some simpli-
fying hypotheses. 

The need for simplifying assumptions in numerical 
models of lava flows is described in review articles [Costa 
and Macedonio, 2005b; Cordonnier et al., 2015; Dietterich 
et al., 2017]. The authors examine the most relevant 
works on the numerical modeling of lava flows and what 
emerges is that, due to the high complexity of transport 
equations, the numerical solution of the complete three-
dimensional problem for real lava flows is often in-
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ABSTRACT 
Cooling and dynamics of lava flowing in a rectangular channel driven by the gravity force is numerically modeled. The purpose is to eval-

uate the thermal process as a function of time involving the liquid lava in contact with the solid boundary that flanks lava. Lava rheol-

ogy is dependent on temperature and strain rate according to a power law function. The model couples dynamics and thermodynamics 

inside the lava channel and describes the thermal evolution of the solid boundary enclosing the channel. Numerical tests indicate that the 

solution of the thermo-dynamical problem is independent of the mesh. The boundary condition at the ground and at the levees is treated 

assuming a solid boundary around the lava flow across which lava can exchange heat by conduction. A far field thermal boundary con-

dition allows to overcome the assumption of constant temperature or constant heat flow as boundary conditions, providing more realis-

tic results. The effect of viscous heating is evaluated and discussed.



tractable. This has led to concentrate the main efforts on 
the development of software able to quickly describe the 
evolution of a lava flow, based on simplified theoretical 
models, for the purpose of volcanic hazard assessment. 

Parallel to the development of general numerical mod-
els closely linked to volcanic hazard, it is necessary to 
study the details of what happens when, during an effu-
sive process, a fluid like lava flows in a channel. 

Filippucci et al. [2017] discussed the problem of vis-
cous dissipation in channeled lava flows and found that 
the effect of viscous heating is irrelevant for the most of 
the channel domain apart from the boundaries where 
some temperature differences where noticed. These tem-
perature differences brought the authors to hypothesize 
that the fluid motion can lose the laminarity at the 
boundary (since locally the Reynolds number exceeds the 
laminar/turbulent threshold). The same effect was found 
by Costa and Macedonio [2005] who found that the fluid 
can develop secondary flows at the boundaries as an ef-
fect of viscous heating. 

In dealing with problems involving the heat equation, 
in this case coupled to the momentum equation by the 
rheological function, the boundary condition for a chan-
neled flow is classically chosen between constant tem-
perature and constant heat flow [Patankar, 1980; Ferziger 
and Peric, 2002]. 

From the observation that the effect of viscous heat-
ing is observed only at the boundaries, in this paper we 
considered a third possibility, that is a conductive solid 
boundary with which the fluid can exchange heat. In par-
ticular, in this paper we focus on the thermal process in-
volving the liquid lava in contact with the solid edges of 
the channel, assuming that the fluid can cool down by 
losing heat by conduction in the hosting rocks and by ra-
diation in the atmosphere and can heat up by the effect 
of heat advection and viscous dissipation. Some authors 
[Costa et al., 2007; Filippucci, 2018] used far-field bound-
ary conditions to model the thermal interaction between 
the hot fluid flow and the host rock with numerical 
methods. Similarly, in this work, the solid boundary con-
dition is treated realistically considering that the rock that 
hosts the lava flow can exchange heat by conduction.  

 
 

2. MATHEMATICAL PROBLEM 
The constitutive equation for a power law fluid is 

 
(1) 

 

where σij is the stress tensor, eij is the strain rate tensor, 
k is the fluid consistency, n is the power law exponent 
which is a measure of nonlinearity, and  

 
(2) 

 
where I2 is the second invariant of the strain rate ten-
sor. The apparent viscosity ηa of the fluid is 

 
(3) 
 

If n is lower than 1, the fluid is pseudoplastic and it 
thins with an increase in stress. If n is equal to 1, the 
fluid is Newtonian. If n is greater than 1, the fluid is di-
latant and it thickens with an increase in stress [White, 
2005]. 

We assume a viscous fluid flowing in the x direction 
in a rectangular conduit inclined at an angle α, per-
pendicularly to the section of the conduit in the yz 
plane. The channel is surrounded by edges of solid ma-
terial of thickness as with which it can exchange heat by 
conduction. 

The channel width is 2al, thickness hl and length L. 
The sketch of the model with the coordinate system is 
shown in Figure 1 and the values of the parameters are 
listed in Table 1. 

The flow is laminar and subjected to the gravity force. 
Pressure changes are negligible with respect to body 
forces. The velocity is approximately axial and varies 
with the lateral coordinates vx(y,z), vy =0, vz=0. The fluid 
is isotropic and incompressible with constant density ρ, 
thermal conductivity K, specific heat capacity cp. 

The equation of motion in the transient state for a 
gravity driven flow down an inclined rectangular chan-
nel is [Filippucci et al., 2013a]: 

 
(4) 
 

where vx is the x component of velocity, g is the grav-
ity acceleration and α is the slope angle. The apparent 
viscosity is [Filippucci et al., 2005]: 

 
 
(5) 
 

where vx is the x component of velocity and both the 
fluid consistency k and the power law exponent n de-
pend on temperature. The temperature dependence of k 
and n is given by Hobiger et al. (2011): 
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(6) 
 
 

(7) 
 

where k0, p1, p2, p3 and p4 are constant parameters 
listed in Table 1. 

The numerical problem of the dynamics of lava 
flows was already detailed, by studying the sensitivity 
of the solution to the variation of the power law expo-
nent n and to the fluid consistency k [Filippucci et al., 
2010; 2011; 2013b], by using a temperature-dependent 
power-law rheology and analyzing the thermal effects 
due to heat advection [Filippucci et al., 2013a] and to 
viscous dissipation [Filippucci et al., 2017]. The problem 
of the solid boundaries has been considered by Filip-
pucci [2018].  

We assume that the fluid flow is transient, laminar 
and subjected to the gravity force. Downflow pressure 
changes are negligible with respect to the body force. 
Since the channel cross section is rectangular and the 
Reynolds number is low almost everywhere in the do-
main [Filippucci et al., 2017], the assumption of lami-
nar flow implies that the velocity is approximately 

axial, but it may depend on all the coordinates: vx = 
vx(x,y,z). 
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FIGURE 1. Coordinate system and geometrical parameters. Boundary conditions are also indicated.

Parameter Description Value
al half channel width 1.5 m

a total width 12 m

hl channel thickness 1.5 m

h total thickness 6 m

L channel length 100 m

g acceleration of gravity 9.8 m s−2

cp specific heat capacity 837 J kg−1K−1

K thermal conductivity 3 W K−1m−1

Te effusion temperature 1100 °C

Ts solidus temperature 900 °C

Tw wall temperature 30 °C

k0 rheological parameter 1 Pa sn

pl rheological parameter 18.71

p2 rheological parameter 33.4 103 K

p3 rheological parameter 1.35

p4 rheological parameter 0.85 10−3K−1

α channel slope 20°
εc thermal emissivity 1
ρ density 2800 kg m−3

σ Stefan constant 5.668108 W m−2K4
χ thermal diffusivity 1.28 10−6m2s−1

TABLE 1. Values of the fixed model parameters
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Differently to the approach of Filippucci [2018], we 
include the effect of viscous dissipation as an internal 
heat source. We neglect the effect of the latent heat of 
crystallization/fusion.  

The boundary conditions are the no-slip at the walls 
and the zero-stress at the top of the flow. Since the so-
lution is computed in a half domain of width a/2, thick-
ness h and length L, we consider as boundary condition 
the symmetry of the problem with respect to the xz 
plane. So, the boundary conditions are the following: 

 
(8) 

 
 

(9) 
 
 

(10) 
 

T h e  
initial condition for velocity is the steady state numer-
ical solution at the initial effusion temperature vx (x,y,z, 
t=0) = vx (Te) . 

The time dependent heat equation inside the channel 
takes into account the effect of thermal exchange by 
heat advection, conduction and viscous dissipation: 

 
(11) 

 
We can neglect the effect of thermal conduction in 

the flow direction as it is of secondary importance with 
respect to thermal advection in the flow direction [Fil-
ippucci et al., 2013a]. 

The time dependent heat equation outside the chan-
nel, in the solid boundary, is purely conductive: 

 
 
(12) 

 
 

The thermal boundary conditions are the assump-
tions of a radiative heat flux qr at the upper flow sur-
face, a constant temperature Tw at the outer solid 
walls (such a far field condition is imposed at a dis-
tance equal to three times the half-width of the chan-
nel), a constant effusion temperature Te at the vent 
and the symmetry of the problem with respect to the 
xz plane: 

(13) 
 

(14) 
 

(15) 
 

(16) 
 

where qr = σεTu
4 and σ is the Stefan-Boltzmann constant, 

ε is the surface emissivity of lava and Tu is the tempera-
ture of the upper surface at z = 0 (the atmospheric tem-
perature is assumed negligible with respect to Tu).  

At time t = 0, the liquid lava has a uniform temper-
ature Te, the velocity is the stationary solution of the 
dynamic equation with T = Te and the outer solid 
boundary has uniform temperature Tw. The choice of 
the initial condition was made in order to compare this 
solution with that of Filippucci et al. (2017). Moreover, 
the assumption of the extrusion temperature of the fluid 
as starting condition in numerical studies is widely used 
and accepted in finite element/volume modeling [Costa 
and Macedonio, 2003; Patrick, 2004; Bernabeu et al., 
2016; among others]. 

At time t > 0, the radiative heat flux qr, the far field 
constant temperature Tw and the constant effusive tem-
perature Te are imposed. Since x = L is the outflow bound-
ary and both temperature and velocity need to be com-
puted there, no boundary condition at x = L is necessary. 

The dynamic and the thermal equation are coupled 
by the temperature dependence of viscosity in the dy-
namic equation and by the viscous dissipation term in 
the heat equation. The algorithm is written by the au-
thors in Fortran language. The space discretization is 
obtained by the control volume integration method 
[Patankar, 1980] using a static mesh approach and 
power law interpolation functions between the nearest 
grid points. The radiative condition at the boundary 
z = 0 depends on the fourth power of temperature and 
needs to be linearized in order to be treated as a source 
term of the heat equation. For the discretization of the 
transient term, the integration over the time interval 
t is made by using a fully implicit scheme. The iterative 
solutor of the discretized equation is the Gauss-Seidel 
one [Filippucci et al., 2013a, for details of the flow chart 
procedure].  

The solution is tested to verify the independence of 
the mesh and the test is shown in Figure 2. The com-
putational problem was solved by considering three 
grids of different sizes (52×52, 102×102, 202×202) to 
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discretize the (y, z) section, transversal to the fluid di-
rection. The space discretization along the x direction 
was fixed to 101 control volumes. The time solution is 
stopped at t = 106 s since for long times the temperature 
approaches the steady-state solution. The channel ge-
ometry for the numerical test is described by the pa-
rameters in Table 1. The temperature profile along the 
z coordinate at the outflow boundary slightly varies 
with varying the mesh size, indicating that the problem 
is independent of the control volume size.  

As expected, the finest mesh (201×201) needs a very 
large computational cost to achieve the convergence, 
which means a long time for calculation. In the follow-
ing, for the problem with geometrical parameters listed 
in Table 1, the mesh y × z × x = 102 × 102 × 101 was 
used as the best compromise between accuracy and 
computation time. In particular, in this case, the com-
putational time is approximately 2 days of computation 
for the problem with the viscous dissipation term, and 
approximately 1 day for the solution without the vis-
cous dissipation term. 

 
 

3. RESULTS AND DISCUSSION 
 
The problem is illustrated in Figure 1 with the phys-

ical and geometrical parameters given in Table 1. We 
have evaluated the temperature distribution in an in-
clined lava channel flanked by solid levees, with which 
the flowing lava interacts thermally: while lava cools 
down, the levees are heated in turn. Results are obtained 
considering that the lava cools by thermal radiation at 

the free surface and by thermal conduction at the solid 
boundaries. Moreover, the lava can be heated by the ef-
fect of viscous dissipation. The solid surrounding rocks, 
in turn, heat up by thermal conduction. 

The problem is transient, and the first 106 s (ap-
proximately 1 day) are modeled, assuming that at t = 0 
the whole channel has a temperature T equal to the ef-
fusion temperature Te and the levees have uniform wall 
temperature Tw. 

The choice of the distance of the constant tempera-
ture boundary condition is arbitrary. Costa et al. [2007] 
used a far-field temperature at an arbitrary distance of 
10 times the radius of the magma conduit. Our choice 
is dictated as a compromise between far-field and com-
putational time costs. This choice can be considered ad-
equate since, after t = 106 s of cooling, the boundary is 
still not heated, as it can be seen in Figure 3a.  

In a previous paper, Filippucci [2018] has numeri-
cally solved the same problem, but neglecting the vis-
cous dissipation term in the heat equation. In Figure 3b, 
we plotted the difference with the solution of Filippucci 
(2018) in terms of temperature T (y, z) map in the ver-
tical cross section at the outflow boundary (x = L) at 
t = 106 s. It can be observed that the viscous dissipation 
term has an effect in the parts of the lava channel in 
contact with the boundaries and the ground. If we con-
sider the whole lava channel, the effect of viscous heat-
ing can be considered of secondary importance with 
respect to the advective term. If we consider the behav-
ior of the fluid in contact with the solid edges, the heat 
addition due to viscous dissipation can bring the fluid 
flow to change the motion from laminar to locally tur-
bulent [Filippucci et al., 2017] and to develop secondary 
flows [Costa and Macedonio, 2003, 2005a] 

In Figure 4, we plotted the temperature variation with 
time at 8 monitoring points (P1, ..., P8) selected inside 
the lava channel and corresponding to the black points 
in Figure 4A. If we observe the temperature evolution 
with time at some points of the channel section in the 
flow outlet area (Figure 4), we realize that there are fluid 
regions that are almost at constant temperatures equal 
to those of Te and areas with temperature that oscillates 
without differences between dissipative and non-dissi-
pative case with the exception of point P5 in contact 
with the ground at the center of the channel. At points 
P1, P6 and P8, temperature remains constant and equal 
to that of effusion T(t) = Te during the prescribed time. 
At these points, the temperature difference between the 
dissipative and non-dissipative case are in the order of 

FIGURE 2. Temperature profile along z coordinate at x=L, y=0, 
t=105s, for different mesh sizes, as indicated in the 
figure legend.



tenths of a centigrade degree. At point P2, temperature 
decreases monotonically during the first 103 s approx-
imately and then remains constant for the following 
time. The effect of viscous dissipation is to dampen the 
cooling process and to allow the fluid to be at a constant 
higher temperature in less time. At points P3, P4 and P7, 
the temperature has an oscillating behavior in time: at 
first it decreases and then returns to increase without 
significant differences between the dissipative and non-
dissipative case and with a greater oscillation amplitude 
at point P4 than in the other points. At point P5, the 
temperature behavior with time is similar to the one just 
described, but in this case the difference between dissi-
pative and non-dissipative case is sharper. 

The main difference with the work of Filippucci et al. 
[2017] and then between boundary conditions with con-
stant temperature gradient and far field boundary con-
ditions, where temperature gradient is free to vary as a 
function of the thermal conduction rate, is just shown 
in Figure 4 (points P3, P4, P5 and P7). 

In fact, at the same points, in the case of boundary 
condition with constant heat flux, temperature increases 
monotonically in the presence of viscous dissipation, 
while it decreases monotonically in the absence of dis-
sipation [Figure 7 in Filippucci et al., 2017]. Consider-
ing far field boundary conditions, the temperature 
initially decreases and after a certain time internal it 
starts to increase and this oscillation is independent 
from the viscous dissipation term in the heat equation. 

This oscillation can be interpreted considering that, 
as the lava flow is emplaced, the difference in temper-
ature between the host rocks and the hosted lava is so 
high that it causes a very intense conductive heat flow. 
This flow cools the lava in contact with rocks, as shown 
by the descending part of the curves in Figure 4 (points 
P3, P4, P5 and P7). Over time, the host rocks heat up as 
a result of heat conduction and the heat flow begins to 
decrease and so does the cooling rate of the lava in con-
tact with rocks, leading to the minimum of the curves 
in Figure 4 (points P3, P4, P5 and P7). Continuing with 
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FIGURE 4. Temperature vs time at different monitoring points (P1,..,P8) of the lava channel, as indicated in (A). The label on each 
plot corresponds to the point in (A). Solid line: solution of the heat equation considering the viscous dissipation term; 
dashed line: solution of the heat equation neglecting the viscous dissipation term [from Filippucci, 2018].



time, the conductive heat flow becomes no longer the 
dominant mechanism, since advective heating begins to 
prevail due to the isothermal core at the center of the 
channel, that flows with temperature equal to that of ef-
fusion. This change in heat transfer mechanism leads the 
hosted lava in contact with the host rocks to heat up, as 
shown by the ascending part of the curves in Figure 4 
(points P3, P4, P5 and P7). The effect of viscous dissi-
pation during the described thermal process is that of re-
ducing the oscillation amplitude Figure 4 (points P5). 

 
 

4. CONCLUSIONS 
 
The purpose of this work is to investigate how the 

choice of boundary conditions may affect the results of 
a model of a channeled lava flow, in particular by eval-
uating the importance of the viscous dissipation term. 
To do this, we developed a flow model with far-field 
constant temperature boundary conditions, allowing the 
liquid lava to exchange heat with the host solid rock. 
The results were compared with those obtained in a pre-
vious work [Filippucci et al., 2018] in which the cooling 
at the levees and at the ground was modeled by impos-
ing a constant conductive heat flow. With the model 
presented in this paper, we go beyond the classical 
boundary conditions at the channel walls, which as-
sume constant temperature or constant heat flow, usu-
ally adopted in works dealing with lava flow simulation, 
as reviewed by Costa and Macedonio [2005b]. Far field 
boundary conditions are more realistic since it is not 
necessary to impose a constant temperature nor an ar-
bitrary constant temperature gradient at the channel 
levees and at the ground. 

We solved numerically the dynamic and heat equa-
tions of a lava flowing by gravity inside a channel with 
rectangular cross section, flanked by a thick solid levee, 
by using the finite volume method [Patankar, 1980]. 

The dynamic equation is solved only in the liquid 
domain, while the heat equation is solved both in the 
liquid and in the solid domain. The viscous dissipation 
term is considered in the heat equation. The solution 
was tested in order to verify that the convergence of the 
numerical problem is independent of the mesh size. The 
results indicate that the solid edge interacts with the liq-
uid lava, both at the levees and the ground, causing an 
initial cooling due to heat conduction and a subsequent 
heating due to heat advection. This thermal process is 
not affected by viscous dissipation, which only acts by 

decreasing the temperature variation interval between 
the cooling and the heating process. On the contrary, 
when the boundary condition at the levees and at the 
ground is a constant temperature gradient [Filippucci 
et al., 2017] or a constant temperature [Costa et al., 
2007], the effect of viscous dissipation at the bound-
aries appears to be of great importance, causing an in-
crease of the Reynolds number from laminar to 
turbulent values [Filippucci et al., 2017] and triggering 
secondary flows [Costa et al., 2007].  

Filippucci [2018], using the same far field boundary 
conditions but neglecting viscous heating, found that 
the channel levees can melt, since they can heat over 
the solidus temperature. In this work, including viscous 
dissipation, we observe the same thermal behavior of 
the edge (Figure 3a), but the effect of thermal erosion 
cannot be evaluated quantitatively. In order to analyze 
melting of the solid edges and changes in the channel 
morphology, we should adopt a moving boundary, so 
as to account that portions of the host rocks may pass 
from solid to liquid behavior and, vice versa, portions 
of lava in the channel may pass from liquid to solid be-
havior. As reviewed by Costa and Macedonio [2005b], 
works dealing with lava flows impose that the channel 
boundaries are taken at constant temperature or at con-
stant temperature gradient. Differently, far field ther-
mal boundary condition allows to overcome this 
simplification and makes the physical treatment of the 
problem more realistic. 
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