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Abstract  
 
This study aims to determine the thermal energy accumulation and the temperature distribution 
around a fault model when a slip weakening friction is imposed. We model the seismic fault sliding, 
also including viscosity, through a simplified one-body spring-slider model. We established the 
expression of thermal energy produced by slip-weakening friction in the case that we considered a 
simplified linearly slip-weakening friction law and a constant viscosity. Numerical simulation with 
Runge Kutta method is performed for determining the thermal energy in the case of linear slip-
weakening friction law, thermal-pressurization (TP) friction law, softening-hardening (SH) friction 
law and a simple slip-weakening (SW) friction law. The effect of the viscosity strongly modifies the 
results of the evolution of the temperature and the thermal energy. We obtained that the increase 
of temperature is due to the heat generated per unit volume and per unit time. We have showed that 
the temperature increases, attains a maximum value before decreasing and then, the system 
migrates toward a stationary state. In the fault, temperature distribution decrease when going far 
from the slip zone. This work establishes that the thermal energy is maximum at a moment when 
the amplitude of the seismic wave is large and that we describe as an instant of critical rupture of 
the seismic fault. Finally, we indicate that the effects of thermal energy on measurable physical 
quantities can be exploited to prevent the moment of critical rupture of the seismic fault. 
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1. Introduction 
 

Earthquake is preceded by many natural phenomena, including the temperature anomaly. It is necessary to 
study the origin of the anomaly of temperature which is observed before a big earthquake. Many authors [Chester 
and Higgs, 1992; Fialko, 2004; Bizzarri and Cocco, 2006; Wang, 2006, 2007, 2009, 2011; Bizzarri, 2011a, 2011b; 
Bizzarri and Crupi, 2013] show that the thermal properties of the fault-zone rock are considered as the important 
code of thermal effect during earthquake rupture. Friction is one of most important factors in controlling the 
rupture processes of a seismic fault [Nur, 1978; Dieterich, 1979; Ruina, 1983; Cao and Aki, 1986; Knopoff et al., 



1992; Rice, 1993; Wang, 1996, 1997, 2007, 2012; Rubin and Ampuero, 2005; Ampuero and Rubin, 2008; Bizzarri, 
2011c; Bhattachacharya and Rubin, 2014; Pelap et al., 2014]. Friction is also one of most important factors to 
evaluate the thermal energy produced in seismic fault before big earthquakes [Konga et al., 2017].  

The calculation of the temperature distribution on the fault surface and its temporal evolution has been 
performed by many researches [Kato, 2001; Andrews, 2002; Fialko, 2004; Bizzarri and Cocco, 2006; Rice, 2006; 
Nielsen et al., 2008; Bizzarri, 2009a; Noda et al., 2009; Bizzarri 2010a, 2010b; Konga et al., 2017]. This temperature 
is due to frictional heat on a sliding interface. These works used the friction laws also known as constitutive laws, 
often motivated by laboratory experiments, determined the shear stress on the fault usually dependent on 
quantities such as the slip, velocity or other dynamic variables quantifying the internal state. The first works 
based on the fundamental rate- and- state dependent friction law which explained a large amount of laboratory 
data on rock friction were made by Dieterich [1979] and Ruina [1983]. The relations obtained by these authors 
constitute the basis of all the subsequent studies of the seismic cycle and have been further improved to 
incorporate the effect of temperature variations on friction coefficient [Chester and Higgs, 1992; Blanpied et al., 
1998; Hirose and Shimamoto 2005; Di Toro et al., 2006; Beeler et al., 2007]. Kato [2001], Bizzarri and Cocco [2006] 
used the constitutive law to find the temperature distribution on the fault surface. Bizzarri and Cocco [2006] 
used both slip-weakening and rate- and state-dependent constitutive laws; in their work they employ the Linker 
and Dieterich evolution law for the state variable, and they couple the temporal variation of friction coefficient 
with those of effective normal stress. De Lorenzo and Loddo [2009] developed a numerical method to describe the 
thermo-mechanical evolution of the pre-seismic sliding phase which takes in account both the rate-, state- and 
temperature-dependent friction law.  

Numerous studies used different constitutive relations to evaluate the temperature change in seismic fault. 
Recently many papers were published on the dynamic of earthquake [Wang, 2016; Wang, 2017a; Wang 2017b; 
Wang 2018] using the slip-weakening friction law. This slip-weakening friction law has not yet been used to 
evaluate the thermal energy and temperature distribution in seismic fault. Konga et al. [2017] established the first 
expression of thermal energy produced by friction forces in a seismic fault and explained the anomaly of 
temperature observed before a big earthquake without taking in account the effect of viscosity. They have 
considered friction forces only depending on velocity and frictional parameters which measures the 
homogeneousness of the surface between the two sides of the fault.  

The viscosity plays an important role in the earthquake dynamics; it has been investigated theoretically and 
numerically by several authors. Jeffreys [1942] published the first paper which studies the effect of viscosity on 
the seismic fault. Schubert [1982] reported that the presence of water in fault, the variation of temperature and 
pressure change the viscosity. Rice et al. [2001] showed that the viscous effect is seen like an implicit factor on 
the friction law. Wang [2007] studied the viscous effect in the earthquake rupture. Numerous researchers [Knopoff 
et al. 1973, Xu and Knopoff 1994, Knopoff and Ni 2001, Dragoni and Santini, 2015] showed that the viscous effect 
is a factor in causing radiation to reduce energy during earthquake ruptures. Wang [2016, 2017b] and Tanekou et 
al. [2018] studied the influence of viscosity on slip of sliders for one-degree-of-freedom spring-slider model. The 
influence of viscosity on the thermal energy produced in seismic fault has not yet been modeled. This statement 
brings us to the following question: what is the effect of this viscosity on temperature distribution? 

In this work, we aim to study the role of viscosity on the thermal energy produced in the seismic fault by 
modelling this energy and temperature distribution in the framework of a slip-weakening friction law. This study 
is focused on slip of one-body dynamical spring-slider model in the presence of slip-weakening friction law 
initially proposed by Wang [2016]. We will start by the presentation of the slip-weakening friction law and 
displacement of slider according to the model that we are considering; thereafter we determine the thermal 
energy for a different form of slip-weakening friction law. Building on this, temperature distribution will be 
investigated. 

 
 

2. Description of physical model and force of friction 
 
We consider a model of earthquakes of figure 1a proposed by Wang [2016], where m is the mass of the slider, u 

is the displacement of slider, K is the spring constant, 𝑉� is the speed of the driving force, ɳ is the coefficient of 
viscosity. 
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In the literature numerous researchers described several simple forms of friction laws. Burrigde and Knopoff [1967] 
introduced the first model of friction law used to study the earthquake dynamics. This model describes the seismic 
system as a collection of blocks resting on a surface with friction and which are connected to a set of springs. Byerlee 
[1978) shows that the friction depends on the time when both sides of the fault come into contact. Carlson and Langer 
[1989] present the dynamic of the fault like a chain of blocks connected by springs (the only non-linear element is the 
force of friction which exists between the blocks). That same year, they have proposed a purely non-linearity velocity-
weakening friction law which was also used by other authors [Carlson 1991; Carlson et al. 1991; Beeler et al. 2008]. 
To model the latter, they used the expression initially suggested by Burrigde and Knopoff [1967] while regarding the 
speed of the displacement of the blocks as variable. Pelap et al. [2014] added in the Burrigde and Knopoff model one 
coefficient which measures the homogeneousness of the surface between two sides of fault. Wang [1995, 1996, 2012] 
in this row considered a linearly velocity-dependent weakening-hardening friction, which is simplified from the 
friction law initially proposed by Burrigde and Knopoff [1967]. The weakening and hardening rate of dynamic friction 
with sliding velocity are two main parameters of this friction law. Cochard and Madariaga [1994] showed that, the 
velocity-dependent friction models drive at unphysical phenomena. This model of friction law is very unstable at low 
velocities both during the passage of the rupture front and during the possible slip arrest. Others friction laws are 
known to slip-weakening friction due to the thermal pressurization [Rice and Cocco, 2006]. More details of deepening 
description about thermal pressurization can be found in work of Sibson (1973], Rice [2006], Lachenbruch [1980], 
Raleigh and Everden [1981], Mase and Smith [1985, 1987], Lee and Delaney [1987], Andrews [2002]. 

In our study we use different slip-dependent friction laws described by Wang [2016] to model the thermal energy 
in the slipping zone and evaluate the temperature distribution, taking into account the viscosity. We consider the 
simplified linear slip-weakening friction law in the form of 𝐹(𝑢)= 𝐹0 ‒ 𝛾𝑢, where 𝛾 is the weakening rate 𝐹0, is the static 
force and u the slip of slider in the analytical solution. For numerical simulations of the dynamic model, we used three 
slip-weakening friction laws: the thermal-pressurization (TP) friction law, the softening-hardening (SH) friction law 
and a simple slip-weakening (SW) friction law. A thermal pressurization friction law is defined by: 𝐹(𝑢) = 𝐹0 exp (‒𝑢 / 𝑢�), where 𝑢� is a characteristic displacement. In addition, the expression of the displacement softening-hardening 
friction law is: 𝐹(𝑢) = 𝐹0 exp (‒(𝑢2 ‒ 𝑢�2  )/𝑐2), where 𝐹0, 𝑢� and 𝑐 are the constant used by Cao and Aki (1985, 1986). 𝐹0, 𝑢�,and 𝑐 are respectively the static force, the characteristic displacement and a constant which has a dimensional 
of length. At the end, the simple slip-weakening friction law [𝐹(𝑢)= 𝐹0 /(1+𝑢 / 𝑢�)] is similar to the velocity-weakening 
friction law [𝐹(𝑣) = 𝐹0 /(1+𝑣 / 𝑣�)] (where 𝐹0 is the statistic force and 𝑣� is the characteristic velocity and    
is the velocity of the slider) proposed by Carlson and Langer [1989]. The characteristic displacement 𝑢� is controlled 
by some parameters like the fluid density, heat capacity, frictional strength, the thickness and the untrained 
pressurization factor of the fault zone [see Wang, 2018, and cited references therein]. The first three parameters are 
dependent of temperature. In this paper, we will consider that the characteristic displacement remains constant 
when the temperature varies because Wang [2018] gave the following indications: 

• The observation data and theoretical analyses about the values of the fluid density during a seismic cycle are 

v = 𝑑𝑢 𝑑𝑡
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Figure 1. a) One-body spring-slider model. b) Schematic of the model considered in the present study.

a)         b)
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rare; its effect on characteristic displacement is neglected. 
• Heat capacity is constant when the temperature is greater than 300°K (≈ 27°C) while the average ambient 

temperature of fault zone with depths ranging from 0 to 20km is around 523°K (≈ 250°C); Hence, heat capacity 
cannot influence the characteristic displacement. 

• A lack of long-term observations of frictional strength during a seismic cycle makes the study of its effect on 
earthquake recurrence impossible. For this reason, the effect of temperature on friction strength cannot be 
considered. 

 
In this paper, we determine the slip and slip velocity from equation of motion. We used this slip and slip velocity 

to calculate the thermal energy (calculated as the integral of the product of slip velocity and slip-weakening friction 
law) and heat generated per unit volume and per unit time (calculated as the product of velocity and slip-weakening 
divided by thickness of slip zone). At the end we study the variation of temperature caused by the heat generated 
per unit volume and per unit time.  

 
 

3. Equation of motion 
 
In this paper we have used the equation of motion described by Wang [2016]. He considered the slip of a one-

body dynamical spring-slider model. This equation of motion of slider is given by: 
 
 

       
(1) 

 
Where F is a frictional force between the slider and the background (F could be a function of 𝑢 and 𝑣). 𝐹 is controlled 

by several factors like displacement of slider, the characteristics displacements and other parameters which can be seen 
in the paper of Wang [2016], Φ = 𝜂𝑣 is the viscous force between the slider and the background, 𝜂 is the coefficient of 
viscosity. More details deepening description about viscosity and viscous force can be found in Wang [2016]. 
The viscosity coefficient of rocks is controlled by the temperature. In this work, we considered the simplified expression  

 
 
 

 
where 𝜂₀ is a reference value, 𝛽 is a constant, 𝑇� is the steady coldest temperature of the side walls and 𝑇� is the 
hottest temperature. Diniega et al. [2013] assume that 𝑇� = 1050°C and 𝑇� - 𝑇� = 100°C [more details are found in 
Diniega et al., 2013 and Wang, 2017a]. The slider is pulled by a leaf spring of strength, 𝐾, with a constant velocity, 𝑉�, which represents the speed of a moving plate. When the driving force, 𝐾𝑉�𝑡, is slightly larger than the static 
frictional force 𝐹0, friction changes from static frictional strength to dynamic one.  

 
 

4. Work of friction force and thermal energy 
 
In this part, we shall calculate the work of friction force for several cases. In the first time we use the simplified 

linearly slip-weakening friction law (considering on the one hand that the viscosity remains constant, which makes 
it possible to have an analytical solution and on the other hand that this viscosity varies with the temperature), 
secondly we use TP, SH, and SW friction law (considering that the viscosity varies with the temperature). The thermal 
energy is generated within the slipping zone (Figure 1b). The work done due to frictional forces is defined by the 
scalar product of this force and displacement of slider. The general expression is given by: 

 
 

 (2) 
 
We integrated equation (2) by taking t=0 as the period where the accumulation of energy starts. 

𝑚         = ‒𝐾(𝑢‒v�𝑡)‒𝐹(𝑢,𝑣) ‒ Φ (𝑣)𝑑²𝑢 𝑑𝑡²

𝜂 = 𝜂₀ exp �𝛽 �1 ‒             �� ,𝑇 ‒ 𝑇� 𝑇� ‒ 𝑇�

 � ₀𝑊� = ∫𝐹(𝑢)𝑑𝑢 =∫𝐹(𝑢)         𝑑𝜏 = ∫𝐹(𝑢)𝑣𝑑𝜏𝑑𝑢 𝑑𝜏  � ₀



 
4.1 Constant viscosity 
 
In this case, we considered only the simplified linear slip-weakening friction law to determine the analytical 

expression of thermal energy. 
From the analytical study, the general expression of the displacement of slider, u(t), is given by Wang [2016] 

 
      𝑢(𝑡) = (𝑣₀/𝜔�)exp(‒𝜂₀𝑡/2𝑚) sin (𝜔�𝑡) (3) 
 
 
where 𝜔� = �𝜔²₀ ‒ �𝜂²₀ ‒ 4 𝑚𝛾��4𝑚2�½, 𝜔₀ = (𝐾/𝑚)½, 𝜔� is composed by a part 𝜔₀ only depending on the spring-slider 
system features and the other part depending on friction and viscosity of the interface, the ration (𝑣₀/𝜔�) denoted 
the amplitude of slip function and varies with four model parameters, 𝜂₀ is the coefficient of viscosity, 𝑣₀ is the 
initial velocity and 𝛾 is the weakening rate. 

From equation (3) the velocity of slider v is given as: 
 

 
 

        
(4) 

 
 
The simplified linear slip-weakening friction law defined as: 

 
            𝐹(𝑢)=𝐹₀ ‒ 𝛾𝑢 (5) 
 
 

The work done by this friction is obtained as:  
                                                                 
 
     

(6) 

 
where 𝛼, S1, S2, S3, S4, A1, A2, A3, A4 and A5 are constants defined by the following expression: 
 
 

 
 

 
 

 
 

 
Thermal energy due to the friction is defined as the absolute value of the work done by frictional forces and is 

defined by: 
                                𝑄(𝑡)= ⎸𝑊�⎹ (7) 

 
We have performed a MATLAB simulation to obtain Figure 2a which shows the distribution of thermal energy 

accumulated by friction at the level of the fault in presence of viscosity as well as Figure 2b which shows the 
evolution of slip according to time for simplified linear slip-weakening friction law. 

 

𝑊� = 𝐴₁��𝐴₂ sin(𝜔�𝑡)‐𝐴₃ cos(𝜔�𝑡)�exp(‐𝛼𝑡) +𝐴₅� ‐ 𝑆₁��𝑆₂ sin (2𝜔�𝑡)‐𝑆₃ cos(2𝜔�𝑡)�exp (‐2𝛼𝑡) +𝑆₄�+          (1‐exp(‐2𝛼𝑡)�𝐴₄ 2𝛼

𝛼 =        ,𝜂₀ 2𝑚 𝑆1 =                    ,𝛼 2(𝛼2+𝜔²𝑛  ) 𝑆2 =               (𝛼+1),𝛾𝜔𝑛 𝐴² 2 𝐴 =        ,𝑣₀ 𝜔𝑛 𝑆3 =               (𝛼+𝜔²𝑛  ),𝛾𝐴² 2 𝑆4 =               (𝜔²𝑛  ‒𝛼),𝛾𝐴² 2
𝐴₁=                  ,    𝐴₂ 𝑆₁𝜔�‐𝑆₂𝛼,    𝐴₃ = 𝑆₂𝜔�+𝑆₁𝛼,    𝐴₄ =               ,    𝐴₅ = 𝑆₂𝜔�+𝑆₁𝛼𝛾𝛼𝐴² 2𝐹₀ 𝛼 ² + 𝜔²𝑛  

𝑣 = 𝑣₀ �‒               sin(𝜔�𝑡)+v0 cos(𝜔�𝑡)�exp�‒         �𝜂₀𝑡 2𝑚𝜔� 𝜂₀𝑡 2𝑚
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4.2 Temperature dependent viscosity 
 
Knowing that 

 
 

 
 
the viscosity varies with the temperature when 𝛽≠0. We considered in this case all the slip-weakening friction law 
listed above. 

For the simplified linear slip-weakening friction law, equation (1) can be rewritten as two first-order differential 
equations and we added in this system the third equation which gives the thermal energy generated by simplified 
linear slip-weakening friction law and the system is given as: 

𝜂 = 𝜂₀ exp �𝛽 �1 ‒             �� ,𝑇 ‒ 𝑇� 𝑇� ‒ 𝑇�
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a)      b)

Figure 2. a) Evolution of thermal energy according to time due to the simplified linearly slip-weakening friction law in the 
fault when the viscosity is constant. b) Evolution of slip according to time due to the simplified linearly slip-
weakening friction law in the fault when the viscosity is constant. c) Evolution of thermal energy according to 
time due to the simplified linearly slip-weakening friction law in the fault when the viscosity varies with 
temperature. d) Evolution of slip according to time due to the simplified linearly slip-weakening friction law in 
the fault when the viscosity varies with temperature. Values used: ƞ0 = 10 N/(m2/s), Vp = 10-11m/s, γ = 0.8 N/m, 
K = 10N/m, m = 10kg and F0 = 1.

c)      d)



 
 
 
 
 
 

            
(8)

  
 
Since the viscosity is temperature dependent, the heat conduction equation (9) is used to derive it distribution. 

The heat conduction equation is given by: 
 
 
 

   
(9) 

 
 

where k is the thermal conductivity, cs the specific heat of rock at the constant pressure, 𝜌 is the density of rock 
(Fialko, 2004) and 𝛾 represents the spatial coordinate normal to the fault. This system is semi-infinity medium at 
the initial temperature distribution on the fault plane 𝑇₀ . In equation (9) q is the heat generated per unit volume 
and per unit time ([q]=W/m3) i.e. the power developed by friction. The volume is defined by V=S(2h), we have taken 
the area S equal at an unit in this work and 2h is the thickness of the slip zone (see Figure 1b). Bizzarri and Cocco 
(2006), Rice (2006) show that the heat source is uniformly generated in slip zone layer: 
 
 
 

(10) 
            

 
 

The slip velocity v and slip u in equation (10) are obtained by resolving the equation (1) for each friction law.  
We used the Runge Kutta method to solve this system and we have performed a MATLAB simulation to obtain 

the curves of Figure 2c which shows the distribution of thermal energy as well as Figure 2d which shows the 
evolution of slip according to time considering the simplified linear slip-weakening friction law when the viscosity 
varies with the temperature. 

For TP friction law, we have a system (11): 
 
 

 
 
 
 
 
 
 
 

    
(11) 

 
 
We obtained the curves of Figure 3a which gives the distribution of thermal energy as well as Figure 3b which 

shows the evolution of slip according to time considering the TP friction law. 
For the SH friction law, we have a system (12): 

𝑑𝑢 𝑑𝑡 = v
�(𝐾‒𝛾) 𝑢 + 𝜂₀ exp �𝛽 �1 ‒                  �� v +𝐹₀ ‒𝐾𝑉�𝑡�𝑑𝑢 𝑑𝑡 = ‒ 1 𝑚 𝑇 ‒ 𝑇� 𝑇� ‒ 𝑇�

𝑑𝑊� 𝑑𝑡 = 𝑣 (𝐹₀ ‒ 𝛾𝑢)
𝑎𝑡  𝑡 = 0,  𝑤𝑒 ℎ𝑎𝑣𝑒  𝑊� = 0

⎧ ⎪ ⎪ ⎪  ⎨ ⎪ ⎪ ⎪ ⎩

�𝑇 �𝑡 𝑘 𝜌𝑐 � �2𝑇 �𝑦2 𝑞(𝑡) 𝜌𝑐 �=   + 

𝑡≥0,  ⎸𝑦⎹    ≤ ℎ ⎸𝑦⎹    ≥ ℎ
𝐹(𝑢)𝑣 , 2ℎ 0,𝑞(𝑡)= �

1 𝑚
𝑑𝑢 𝑑𝑡 = v

= ‒𝑑𝑢 𝑑𝑡 �𝐾𝑢 + 𝜂₀ exp �𝛽 �1 ‒                  �� v +𝐹₀ exp (‒𝑢/𝑢𝑐) ‒𝐾𝑉�𝑡�𝑇 ‒ 𝑇� 𝑇� ‒ 𝑇�
𝑑𝑊��𝑑𝑡 = 𝑣𝐹₀ exp(‒𝑢/𝑢𝑐)
𝑎𝑡  𝑡 = 0,  𝑤𝑒 ℎ𝑎𝑣𝑒  𝑊�� = 0

⎧ ⎪ ⎪ ⎪  ⎨ ⎪ ⎪ ⎪ ⎩
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(12)

 
 
We obtained the curves of Figure 4a which gives the distribution of thermal energy as well as Figure 4b which 

shows the evolution of slip according to time considering the SH friction law.   

1 𝑚
𝑑𝑢 𝑑𝑡 = v

= ‒𝑑𝑢 𝑑𝑡 �𝐾𝑢 + 𝜂₀ exp �𝛽 �1 ‒                  �� v +𝐹₀ exp �‒                  � ‒𝐾𝑉�𝑡�𝑇 ‒ 𝑇� 𝑇� ‒ 𝑇�
𝑑𝑊��𝑑𝑡 = 𝑣𝐹₀ exp�‒                  � 
𝑎𝑡  𝑡 = 0,  𝑤𝑒 ℎ𝑎𝑣𝑒  𝑊�� = 0

⎧ ⎪ ⎪ ⎪  ⎨ ⎪ ⎪ ⎪ ⎩

(𝑢2 ‒ 𝑢2) 𝑐2 �
(𝑢2 ‒ 𝑢2) 𝑐2 �
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a)      b)

Figure 3. a) Evolution of thermal energy according to time due to the TP friction law in the fault. b) Evolution of slip 
according to time due to the TP friction law in the fault. Values used: K = 10N/m, m = 10kg, Vp = 10-11m/s, ƞ0 = 
10 N/(m2/s), uc = 0.5, F0 = 1.

a)      b)

Figure 4. a) Evolution of thermal energy according to time due to the SH friction law in the fault. b) Evolution of slip 
according to time due to the SH friction law in the fault. Values used: K = 10N/m, m = 10kg, Vp = 10-11m/s, ƞ0 = 
10 N/(m2/s), uc = 0.5, F0 = 1. 



For the SW friction law, we have a system (13)  
 

 
 

 
 
 
 
 

      
(13)

 
 

We obtained the curves of Figure 5a which gives the distribution of thermal energy as well as Figure 5b which 
shows the evolution of slip according to time considering the SW friction law. 

The observation of Figure 2a reveals that for the simplified linear slip-weakening friction law and for a constant 
viscosity, the thermal energy abruptly increases, reaches a maximum value and then abruptly decreases in this case 
of an analytical solution. It can also be seen that the maximum value of the thermal energy decreases as the viscosity 
increases, this maximum value is reached almost at the same moment whatever the value of the viscosity. Figure 
2b shows that for the low value of the viscosity (𝜂 = 10), the direction of movement of the block changes twice 
(approximately at times 2.9s and 7.5s). This curve shows that the amplitude of the movement decreases with time, 
from one phase of the movement to another until a zero amplitude. We finally observe that the absolute value of 
the slip varies exactly in the same way as the thermal energy produced in the seismic fault whatever the value of 
the viscosity. 

The observation of Figure 2c reveals that for the simplified linear slip-weakening friction law and for a viscosity 
that varies with the temperature (𝛽 ≠ 0), the thermal energy regularly increases until it reaches an asymptotic value 
in this case of a purely numerical solution. Figure 2c also shows that the slope of the curve decreases when the 
viscosity values are larger, and the asymptotic value is nearly the same for all curves. Figure 2d shows that the 
absolute value of the slip varies exactly in the same way as the thermal energy produced in the seismic fault. 

Figures 3a, 3b, 4a and 4b show that for TP and SH friction law, the evolutions of the curves are exactly the same 
as for the simplified linear slip-weakening friction law in the case of a purely numerical solution for thermal energy 
as well as for slipping according to time. 

1 𝑚
𝑑𝑢 𝑑𝑡 = v

= ‒𝑑𝑢 𝑑𝑡 �𝐾𝑢 + 𝜂₀ exp �𝛽 �1 ‒                  �� v +𝐹₀ �                 � ‒𝐾𝑉�𝑡�𝑇 ‒ 𝑇� 𝑇� ‒ 𝑇�
= 𝑣𝐹₀ 𝑑𝑊��𝑑𝑡𝑎𝑡  𝑡 = 0,  𝑤𝑒 ℎ𝑎𝑣𝑒  𝑊�� = 0

⎧ ⎪ ⎪ ⎪  ⎨ ⎪ ⎪ ⎪ ⎩

1 1+𝑢 / 𝑢�
1 1+𝑢 / 𝑢�
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a)      b)

Figure 5. a) Evolution of thermal energy according to time due to the SW friction law in the fault. b) Evolution of slip 
according to time due to the SW friction law in the fault. Values used: K = 10N/m, m = 10kg, Vp = 10-11m/s, ƞ0 = 
10 N/(m2/s), uc = 0.5, F0 = 1.



Figure 5a shows that for SW friction law, the thermal energy increases along a practically vertical slope after a 
certain amount of time, reaching a maximum value, then slightly decreases along the same slope before keeping a 
constant value. In this case, the curve of variation of the absolute value of the slip as a function of time (Figure 5b) 
regularly increases until reaching a point of inflection at the moment when the thermal energy is maximum, then 
it continues to increase along a steeper slope, reaches the maximum value and starts decay. We notice that the 
variation of the viscosity influences the slip and the thermal energy produced in the seismic fault for the simplified 
linear slip-weakening, TP, SH and SW friction law. 

 
 

5. Temperature distribution 
 
We compute the temperature changes caused by heat generated per unit volume and per unit time due to slip-

weakening friction law in seismic fault. We considered the heat generated per unit volume and per unit time as a 
heat-flux in the 1-D heat conduction equation given by (9). This heat-flux takes in to account the effect of viscosity. 
For each friction law we have evaluated the heat generated per unit volume and per unit time by the following 
equations: 

For the linearly slip-weakening friction law  
 
 
 

        (14) 
 

For the TP friction law, we have the following equation  
 
 
 

(15) 
 

For the SH and SW friction law, we have respectively the equations (16) and (17) 
 
 

 
 
 
 (16) 

 
 
 
 

             
(17)

 
                   

Figures 6a-d illustrate the time variation of heat generated per unit volume and by unit time for the simplified 
linear slip-weakening, TP, SH and SW friction law. Using the analytical expression (equation 10) and numerical 
results of the heat generated per unit volume and per unit time (equations 14, 15, 16 and 17), equation 9 is solved 
numerically with the help of the finite difference method. 

We have numerically simulated the solution of 1-D heat conduction equation. Results of these calculation are 
illustrated in Figures 7a-f. In Figures 7a and 7b, we used only the linearly slip-weakening friction law in the case of 
constant viscosity; temperature distribution is monitored simultaneously at several spaces and times. In these tests, 
we vary distance when the time is fixed and then the time when the distance is fixed. Figure 7a illustrates a 
spatiotemporal evolution of temperature distribution (or temperature distribution versus distance y/h for a series 
of constant time) on the slipping fault surface. It shows that the temperature variation is maximum at the slipping 

𝑡≥0,  ⎸𝑦⎹    ≤ ℎ ⎸𝑦⎹    ≥ ℎ𝑞(𝑡)= � (𝐹₀ ‒ 𝛾𝑢)𝑣 , 2ℎ 0,

𝑡≥0,  ⎸𝑦⎹    ≤ ℎ ⎸𝑦⎹    ≥ ℎ𝑞��(𝑡)= �𝐹₀ exp(‒ 𝑢 / 𝑢�)𝑣 , 2ℎ 0,

⎧ ⎪  ⎨ ⎪ ⎩

𝐹₀ exp�‒                  �𝑣 
,
  2ℎ  0,

𝑞��(𝑡)= 𝑡≥0,  ⎸𝑦⎹    ≤ ℎ 
⎸𝑦⎹    ≥ ℎ

(𝑢2 ‒ 𝑢2) 𝑐2 �

⎧ ⎪  ⎨ ⎪ ⎩

𝐹₀ exp�                  �𝑣 
,
  2ℎ  0,

𝑞��(𝑡)= 𝑡≥0,  ⎸𝑦⎹    ≤ ℎ 
⎸𝑦⎹    ≥ ℎ

1 1+𝑢 / 𝑢�
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zone and decreases monotonically when moving away from this zone. The results presented in Figure 7b confirm 
that the maximum value of the temperature variation decreases with the distance from the fault zone (we can see 
from this figure that by increasing the distance from the slipping zone, the temperature variation progressively 
decreases). Figure 7b also shows that the time required to reach the maximum value of the temperature variation 
remains the same for all distances. Figures 7c-e, illustrate the temperature distribution in semi-infinity medium 
obtained from the heat generated per unit volume and per unit time produced by the different slip-weakening 
friction law (linearly slip-weakening, TP, SH and SW friction law) when the viscosity varies with the temperature. 
Figures 7c-e (for linearly slip-weakening, TP and SH friction law respectively) show that the temperature variation 
increases abruptly to a maximum value then decreases with a slope that gradually decreases until reaching zero; this 
maximum value decreases with the increasing viscosity. In Figure 7f (for SW friction law), the temperature increases 
after a certain amount of time, reaching a maximum value and then decreases; the time at which this maximum 
value is attained increases with the increasing viscosity. 
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a)      b)

Figure 6. a) Evolution of heat generated per unit volume and per unit time due to the linearly slip-weakening friction law 
in the fault when the viscosity varies with temperature. b) Evolution of heat generated per unit volume and per 
unit time due to the TP friction law in the fault. c) Evolution of heat generated per unit volume and per unit time 
due to the SH friction law in the fault. d) Evolution of heat generated per unit volume and per unit time due to 
the SW friction law in the fault. Values used: K = 10N/m, m = 10kg, Vp = 10-11m/s, ƞ0 = 10 N/(m2/s), uc = 0.5, F0 = 1.

c)      d)
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a)      b)

c)      d)

Figure 7. a) Variation of temperature according to nondimentional distance due to the simplified linearly slip-weakening 
friction law in the fault when the viscosity is constant. b) Times series of temperature distribution in semi-
infinity medium for simplified linearly slip-weakening friction law in the fault when the viscosity is constant. c) 
Times series of temperature distribution in semi-infinity medium for simplified linearly slip-weakening friction 
law in the fault when the viscosity varies with temperature. d) Times series of temperature distribution in semi-
infinity medium for TP friction law in the fault. e) Times series of temperature distribution in semi-infinity 
medium for SH friction law in the fault. f) Times series of temperature distribution in semi-infinity medium for 
SW friction law in the fault. Values used: K = 10N/m, m = 10kg, Vp = 10-11m/s, ƞ0 = 10 N/(m2/s), uc = 0.5, density: � = 2700 kg/m3, heat capacity:cs = 1000J/kg, thermal conductivity: k = 2.7W/m°c, F0 = 1.

e)      f)



6. Discussion 
 
In this paper we have analytically (when the viscosity is constant) and numerically (when the viscosity varies 

with the temperature) determined the thermal energy due to slip-weakening friction in the presence of viscosity 
and we have numerically solved the 1-D thermal conduction equation. We indicate that this was done so because 
of the difficulty of finding an analytical solution to the differential equations obtained when the viscosity varies 
with the temperature. In the case where the viscosity does not vary with the temperature, the maximum of the 
absolute value of the slip decreases when the viscosity increases (Figure 2b), which corroborates the result 
obtained by Wang [2016]. In the case where the viscosity varies with the temperature, for linearly slip-
weakening, TP and SH friction law, the curves of variation of the slip with time (Figures 2d, 3b, 4b and 5b) have 
almost the same appearance as those obtained by Wang [2017] who studied the slip of a two-degree-of-freedom 
spring-slider model, consisting of two sliders, in the presence of slip-dependent friction due to thermal 
pressurization and viscosity. Since (1) slip also depends on the frictional force, (2) the heat energy is a function 
of both the friction force and the slip, it is normal that the curves of variation of thermal energy and the absolute 
value of the slip according to time have the same appearance. 

In all cases (Figures 7b-f), the temperature variation abruptly increases to a maximum value then decreases 
with a slope that gradually decreases until reaching zero, which means that the system converges to a stationary 
state. These results are comparable to those ones obtained by Kato [2001], Fialko [2004], Bizzarri [2010c] and 
Bizzarri [2014] with regard to the variation of temperature as a function of time. We find that in the context of 
our study, as the system converges to a stationary state, the thermal energy and the slip remain constants. We 
think that the stationary state describes the uniform motion of the blocks corresponding to an aseismic creep 
along the fault. 

Fialko [2004] shows that the effective thickness of the earthquake slip zone controls not only the magnitude 
of temperature increase, but also maximum temperature in the fault. Our model (Figures 7a-b) gives the same 
observation, but the attenuation of the temperature distribution is more pronounced when one moves away 
from slip zone. Bizzarri [2010] added that the more general solution found by Bizzarri and Cocco [2006] by using 
both slip weakening and rate- and state-dependent constitutive relations can be reconciled with solution of 
Kato [2001] found by using rate-, state- and temperature- dependent friction law when the slipping zone half-
thickness (w) is smaller than 10 μm. It appears that in our model where we use the slip-weakening friction law, 
the magnitude of temperature increase and the maximum temperature are not only controlled by a thickness 
of slip zone (Figures 7a-b), but also by the viscosity (Figures 7c-f).  

Bizzarri and Cocco [2006] report that, before the rupture starts the temperature is equal to its initial value 
and after crack start the temperature increases, depending on the value of the slipping zone thickness. In this 
case, we can understand that they suppose that there is not slip or displacement before the earthquake. If the 
temperature remained equal to its initial value, one cannot observe the temperature anomaly before an 
earthquake, while our study as well as those of the other authors [Saraf and Choudhury, 2004; Tramutoli et al., 
2005; Rezapour et al, 2008; Qin et al., 2012] establishes well this temperature anomaly.  

Figures 2a to 4b show that the thermal energy produced in the seismic fault is maximum at the same time 
as the absolute value of the slip while Figures 5a and 5b show that the thermal energy is maximum at a time tc 
corresponding to the point of inflection on the slip curve. In this last case, we can think that there are several 
phases of the movement since the slip continues to increase after the instant tc (Figure 5b), which can be 
understood with the reality of the replicas during the earthquakes. However, the thermal energy remains 
practically constant after the instant tc (Figure 5a), a phenomenon that remains to be explained in the case of 
SW friction law. Focusing on the first phase of the movement, it appears that at the end of this phase, thermal 
energy as well as the absolute value of the slip has its greatest value for linearly slip-weakening, TP, SH and SW 
friction law. When the absolute value of the slip is great, the amplitude of the seismic wave is large, that implies 
a higher risk of enormous damage. We can therefore say that the thermal energy is maximal at a critical moment 
that we describe as a time of critical rupture of the seismic fault. Knowing that thermal energy influences 
measurable physical quantities such as geothermal flow, electrical resistivity of rocks, the effects of this thermal 
energy can be exploited to prevent the moment of critical rupture of the seismic fault. 
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7. Conclusions 
 
This paper investigated the effect of viscosity parameter on the thermal energy produced in the seismic fault via 

a one-body dynamical spring-slider model with slip-weakening friction. The time evolution of temperature is 
numerically simulated when the viscosity parameter is present. Analytic results (when the viscosity is constant) 
with numerical calculations show that the thermal energy is controlled by the viscosity parameter. Numerical 
simulations (when the viscosity varies according to temperature) conduct to the time evolution of the thermal 
energy and temperature in the presence of linear slip-weakening friction law, thermal-pressurization (TP) friction 
law, softening-hardening (SH) friction law and a simple slip-weakening (SW) friction law. Results suggest that the 
viscosity parameter remarkably affects the temperature distribution and thermal energy due to slip-weakening 
friction. We have showed that the increase of temperature is due to the heat generated per unit volume and per unit 
time. We obtained that the temperature increase, attains certain values before decreasing and then, the system 
migrates toward a stationary state. In the fault, temperature distribution decreases when going far from the slip 
zone. The maximum temperature is obtained in the surface of slipping zone. The temperature distribution reaches 
the maximum when the heat generated per unit volume and unit time is maximum. This work establishes that the 
thermal energy is maximum at a moment when the amplitude of the seismic wave is large and that we describe as 
an instant of critical rupture of the seismic fault. 
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