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Abstract
This study is focused on the inertial effect on slip of and interaction between two earthquake faults
based on a two-body slider-slider model in the presence of thermal-pressurized slip-weakening friction
and viscosity. The ratio 𝜇=m2/m1, where m2 and m1 are the masses of sliders 1 and 2, respectively, is the
model parameter to represent the inertial effect. Simulation results show that 𝜇 is important on
interaction between the two sliders. Foreshocks and aftershocks/afterslip can be generated on slider
1 or slider 2 when 𝜇≠1. Slider 2 behaves like a slow event when 𝜇≥50. Other model parameters are s
(the stiffness ratio),𝜙=fo2/fo1 (where foi is the normalized static friction force on the i-th slider, i=1, 2),
𝜓=Uc2/Uc1 (where Uci is the normalized characteristic displacement of friction law on the i-th slider),
and 𝛾=𝜂2/𝜂i (where 𝜂i is the normalized viscosity coefficient between the i-th slider and the background
plate). The 𝜙, 𝜓, and 𝛾 are the major factors and s is minor one in causing time delay between the two
sliders. Slider 2 cannot move when 𝜙 is higher than a critical value which depends on other model
parameters. Interaction and the patterns of motions of the two sliders are different between 𝜓<1 and
𝜓>1. The presence of viscosity may increase the predominant period of a slider.
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1. Introduction
There is a significant problem of earthquake dynamics [e.g., King et al., 2001; Steacy et al., 2005; Wang et al.,
2013]: “How do two faults interact each other during faulting?”. The problem can be answered through field
surveys, laboratory experiments, and theoretical modeling. It is lack of a comprehensive physical model to
approach earthquake dynamics. Nevertheless, some models, including the crack model and spring-slider model,
have been built up to reach the purpose. There are numerous factors of earthquake dynamics [see Bizzarri 2009;
Wang 2016; and cited references therein]. Among these factors, friction and viscosity are usually regarded as two
major ones. The inertial effect is rarely taken into account in the dislocation, crack, and statistical physics
models. In order to include the inertial effect, Burridge and Knopoff [1967] proposed a 1-D spring-slider model
to approach earthquake dynamics. Wang [2000, 2012] extended it to a 2-D version. The 1-D and 2-D models and
their modified or simplified versions in the presence of friction and viscosity have been long and widely used
for modelling earthquakes [Wang 2007, 2016, 2017a,b; and cited references therein]. But, the inertial effect has
not been explicitly considered as an important factor in earthquake dynamics.
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Since the used friction laws are nonlinear, the dynamical model itself may behave nonlinearly. A nonlinear
dynamical system can show chaotic behavior under some conditions [Thompson and Stewart 1986; Turcotte 1992].
This indicates that the system is highly sensitive to initial conditions and thus a small difference in initial conditions,
including those due to rounding errors in numerical calculations, produces unexpected outputs. This is known as
(deterministic) chaos [Lorenz 1963].
The few-body models with rheology [e.g., Nur, 1978; Gu et al., 1984; Perez Pascual and Lomnitz-Adler, 1988]
have long been applied to explore fault dynamics. A review of related studies made based on different springslider models can be seen in Wang [2017a]. Some studies based on the two-body model are given here: (1) the
model with simple static/dynamic friction [e.g., Nussbaum and Ruina 1987; Huang and Turcotte 1990]; (2) the
model with velocity-dependent friction [e.g., Huang and Turcotte 1992; de Sousa Vieira 1999; Galvanetto 2002];
(3) the model with rate- and state-dependent friction [e.g., Abe and Kato 2013]; (4) the model with velocityweakening friction [Brun and Gomez 1994]; (5) the model with slip-weakening friction [e.g., Wang 2017b].
In this work, I will investigate the inertial effect on interaction between two earthquake faults based on a
two-body spring-slider model with thermal-pressurized slip-weakening friction and viscosity when the seismic
coupling is weak. Of course, the effects due to seismic coupling, friction, and viscosity will also be discussed.

2. Model
2.1 Two-body spring-slider model
The description of this model can be found in Wang [2017b]. The model consists of two sliders of mass mi (i=1, 2),
a coil spring of strength K linking two sliders, and two leaf springs of strength Li (i=1, 2) pulling the respect sliders
by a moving plate with a constant velocity vP (Figure 1). The moving plate provides the driving force, LivPt, on the
sliders. At time t=0, the two sliders rest in an equilibrium state. The i-th slider is located at position ui, measured
with respect to its initial equilibrium position, along the x-axis. Each slider is subjected to a frictional force, Fi(ui,vi),
where ui and vi=dui/dt are the displacement and velocity of the i-th slider, respectively, and a velocity-dependent
viscous force, 𝜙(vi). Hence, the equations of motion are
m1(d2u1/dt2)=K(u2-u1)-L1(u1-vPt)-F1(u1,v1)-𝜙(v1)

(1a)

m2(d2u2/dt2)=K(u1-u2)-L2(u2-vPt)-F2(u2,v2)-𝜙(v2).

(1b)

Figure 1. A two-body spring-slider model: Fi=the friction force at the i-th slider (i=1, 2), mi=the mass of the i-th slider,
K=the stiffness between two sliders, Li=the stiffness between the i-th slider and the moving plate, Ci=the viscosity
coefficient between the i-th slider and the moving plate, and vp=the velocity of the moving plate, and ui is the
displacement of the i-th slider.
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The total forces in Equation (1) are null when the two sliders do not slide, and then the initial conditions are ui=0
and vi=0. Considering the two sliders to represent two faults in a small area, the coupling between the moving plate
and each slider should be equal, thus giving L1=L2=L. The ratio s=K/L has been defined as the stiffness ratio of a
spring-slider system by Wang [1995]. Wang [2007, 2017b] only considered m1=m2. This study will focus on the
condition of m1≠m2. Note that Equation (1) exhibits only the strike-slip component and, thus, cannot completely
represent earthquake ruptures, which also consist of transpressive components. Nevertheless, this model can still
help us to catch significant information of earthquake ruptures.

2.2 Friction caused by thermal pressurization
The friction force is produced from thermal pressurization proposed by Rice [2006]. He suggested two endmembers models for thermal pressurization: the adiabatic-undrained-deformation (AUD) model and
slip-on-a-plane (SOP) model. Since the SOP model is based on a constant velocity, it will not be considered below.
For the AUD model, the shear stress-slip function, 𝜏(u), is 𝜏(u)=f(𝜎n-po)exp(-u/uc), thus exhibiting an exponential
decay of 𝜏(u) with u. The characteristic displacement is uc=𝜌fCvh/𝜇f𝛬, where 𝜌f, Cv, h, 𝜇f, and 𝛬 are, respectively, the
fluid density, heat capacity (in J/oC/kg), the thickness, frictional strength, and the undrained pressurization factor
of the fault zone. Here, a slip-weakening friction law: F(u)= Foexp(-u/uc) based on the AUD model is used for
modelling. Figure 2 displays the variations of F(u) versus u for five values of uc, i.e., 0.1, 0.3, 0.5, 0.7, and 0.9 m. F(u)
decreases with increasing u and decreases faster for smaller uc than for larger uc. The force drop for a fixed
displacement decreases with increasing uc.

Figure 2. The variations of friction force with sliding displacement for uc=0.1, 0.3, 0.5, 0.7, and 0.9 m.

2.3 Viscosity
Jeffreys [1942] first emphasized the importance of viscosity of fault-zone materials on earthquake dynamics.
Related studies can be seen in some articles [e.g., Chen and Knopoff 1986; Wang 2007, 2016, 2017a,b]. Two simple
models, i.e., the Kelvin-Voigt model and Maxwell model, are commonly used to describe the viscous materials [Jaeger
and Cook 1977; Hudson 1980]. The former is more appropriate than the latter to be applied to the seismological
problems [Hudson 1980; Brietzkel and Ben-Zion 2006; Wang 2016, 2017a,b], and thus the former is taken hereafter.
In order to directly implement viscosity in a dynamical system, Wang [2016] proposed the damping coefficient C of
a sphere of radius R in a fluid of viscosity 𝜈 to be C=6𝜋R𝜐 based on Stokes” law [Kittel et al. 1968] and he used it to
represent viscosity. Hence, the viscous force is given by 𝜙=Cv, in which the unit of C is N/(m/s). The viscosity is
shown by C1 on slider 1 and C2 on slider 2 in Figure 2.
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2.4 Inertial effect
Inertia is the resistance of an object to any change in its velocity due to external forces. Since the mass, m, of an
object denotes something like an amount of substance or quantity of matter, the mass is the quantitative measure
of inertia of an object. In Equation (1), m1 and m2 denote the inertia of sliders 1 and 2, respectively. In the followings,
the ratio of m2 to m1, i.e., 𝜇=m2/m1, is taken to represent the inertial effect on interaction between the two sliders.

3. Normalization of equation of motions
Substituting the friction law and the viscous law into Equation (1) leads to
m1(d2u1/dt2)=K(u2-u1)-L(u1-vPt)-Fo1exp(-u1/uc1)-C1du1/dt

(2a)

m2(d2u2/dt2)=K(u1-u2)-L(u2-vPt)-Fo2exp(-u2/uc2)-C2du2/dt

(2b)

To easily deal with the problem, Equation (2) is normalized based on the following normalization factors: m1=m,
m2=𝜇m, Fo1=Fo, Fo2=𝜙Fo, Do=Fo/L, 𝜔o1=𝜔o=(L/m)1/2, 𝜔o2=𝜇-1/2𝜔o, 𝜏=𝜔ot, uc1=uc, uc2=𝜓uc, Uc1=uc/Do, Uc2=𝜓uo/Do,
fo1=fo=Fo/Do, fo2=𝜙fo, 𝜂1=c1𝜔o/L, 𝜂2=C2𝜇-1/2 𝜔o/L, 𝛾=𝜂2/𝜂1, and VP=vP/Do𝜔o. Defining Ui=ui/Do and Vi=dUi/d𝜏 leads to
dui/dt=[Fo/(mL)1/2]dUi/d𝜏 and d2ui/dt2=(Fo/m)d2Ui/d𝜏2. Inserting these normalization parameters with fo=1 into
Equation (2) results in:
d2U1/d𝜏2=s(U2-U1)-(U1-VP𝜏)-exp(-U1/Uc1)-𝜂1dU1/d𝜏

(3a)

d2U2/d𝜏2=[s(U1-U2)-(U2-VP𝜏)-𝜙exp(-U2/Uc2)-𝜂2dU2/d𝜏]/𝜇.

(3b)

4. Numerical simulations
4.1 four first-order dierential equations
In order to numerically solve Equation (3), the equation is re-written to be a set of four first-order differential
equations. Let y1=U1, y2=U2, y3=dU1/d𝜏, and y4=dU2/d𝜏. Equation (3) becomes:
dy1/d𝜏=y3

(4a)

dy2/d𝜏=y4

(4b)

dy3/d𝜏=-(s+1)y 1+sy2-exp(-y1/Uc1)-𝜂1y3+VP𝜏

(4c)

dy4/d𝜏=[sy1-(s+1)y2-𝜙exp(-y2/𝜓Uc1)-𝛾𝜂1y4+VP𝜏]/𝜇.

(4d)

The solutions of Equation (4) exist within a five-dimensional domain controlled by five model parameters, i.e.,
s, 𝜇, 𝛾, 𝜙, and 𝜓 when the values of Fo, Uc1, and 𝜂1 are fixed. Since it is difficult to analytically solve Equation (4),
only numerical simulations using the fourth-order Runge-Kutta method [Press et al., 1986] will be performed in this
study. Note that the sliders are restricted to move only along the positive direction, that is, Vi≥0 and Ui≤0 (i=1, 2).

4.2 Phase portrait
The phase portrait is a plot of a physical quantity, for example Y, versus another, for example X, of an object in
a dynamical system represented by Y=f(X) [Thompson and Stewart 1986]. The intersection point of f(X) and the
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bisection line, i.e., Y=f(X)=X, is called the fixed point, Xf. It is an attractor if the f(X) is continuously differentiable
in an open domain near it with |f’(Xf )|<1. In other words, for any value of X in the domain which is close enough to
Xf, the iterated function sequences, i.e., X, f(X), f2(X), f3(X), …, converges to xf. Some attractors can yield chaos. In
the following study, “Y” represents V/Vmax and “X” denotes U/Umax for both sliders as shown in Figures 3−17.

Figure 3. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for s=0.06, (b) for s=0.12, (c) for s=0.30, and (d) for s=0.48
when 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and 𝜂1=0 and 𝜂2=0 (with 𝛾=1).

4.3 Possible values of model parameters
Wang [2017b] deeply discussed the possible realistic values of model parameters. Only brief explanation is given
here. Wang [2017b] stressed that s≥5 results in stronger coupling, while s<5 leads to weaker coupling. In the
followings, we consider very weak coupling with s<1. Generally, vP is ~10-9 m/s and thus VP is ~10-9 when
Do𝜔o≈1 m/sec. Do is almost the maximum displacement, umax, on the ruptured fault plane. The value of uc estimated
by Wang [2009] for the 1999 Ms7.6 Chi-Chi, Taiwan, earthquake is between 3.3 m for umax=10.7 m and 3.5 m for
umax=12.3 m at shallow depths of the fault zone. This gives Uc=0.30−0.27. We have 𝜂=4𝜋R𝜐𝜔os/K because of 𝜂=C𝜔o/L.
In general, 𝜐 varies from 1015 Pa s and 102 Pa s when the temperature increases from 500o C to 1200o C. Spray [1993]
showed 𝜐=103−106 Pa s at 800oC and 101−103 Pa s at 1200o C. Savage and Lachenbrush [2003] mentioned
𝜐≈(0.31−3.12)×1020 Pa s at a depth of 14 km of a seismogenic zone. The parameter R is almost the dimension of the
deformed volume around a rupture fault. From 2R=𝛽Do/𝛥𝜎, (𝛽=the shear modulus and 𝛥𝜎=stress drop, see Turcotte
and Schubert, 1982), we have R=750 to 7500 m when Do=5 m, 𝛥𝜎=10−100 MPa, and 𝛽=30 GPa. The average value of
K for numerous faults is about 4.6×1014 N/m [Wang 2012]. Hence, 𝜂 ranges from 10-8 to 106 for 𝜐=102 to 1015 Pa s
when s<10 and 𝜔o=1 Hz. The time step, 𝛿𝜏, can influence simulation results. Practical tests suggest that numerical
results are stable when 𝛿𝜏<0.05. Hence, 𝛿𝜏=0.02 is used in the following computations. In order to kick off slider 1,
an initial normalized force, 𝛿F, is needed. A very small value of 𝛿F cannot enforce slider 1 to move; while a large one
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will dominate computational results. Numerical tests by Carlson et al. [1991] showed that 𝛿F=10-3 is appropriate for
numerical simulations. This value is also used hereafter.

4.4 Results
Although this study is mainly focused on the inertial effect on interaction between the two sliders, the effects
caused by seismic coupling, viscosity, and friction are also taken into account. For each case in study, three diagrams
are produced: the time variations in normalized velocity (V/Vmax) and normalized displacement (U/Umax) and the
phase portrait of V/Vmax versus U/Umax. The values of Vmax and Umax for each figure are listed in Table 1. Simulation
results are displayed in Figures 3−17 (a solid line for slider 1 and a dotted line for slider 2). The inertial effect between
two sliders is absent in Figures 3−9 because of 𝜇=1 and present in Figures 10−15 due to 𝜇≠1. In panel (c) of Figures
3−15, the intersection points of the bisection line (displayed by a dotted line) with the two phase portraits are the
fixed points.
The results for seismic coupling effect are displayed in Figure 3 where the values of model parameters are: (a)
for s=0.06, (b) for s=0.12, (c) for s=0.30, and (d) for s=0.48 when 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5 and
Uc2=0.5 (with 𝜓=1), and 𝜂1=0 and 𝜂2=0 (with 𝛾=1).

Figure Number

Vmax

Umax

Figure 3

0.46320

1.35549

Figure 4

0.01624

0.79366

Figure 5

0.01676

0.79366

Figure 6

0.06563

0.98947

Figure 7

0.05799

0.95699

Figure 8

0.02820

0.79796

Figure 9

0.04886

0.79796

Figure 10

2.23294

1.80950

Figure 11

1.01358

1.41196

Figure 12

1.09037

1.80102

Figure 13

1.71847

1.72252

Figure 14

0.55026

1.37026

Figure 15

0.86796

1.71133

Figure 16

1.02624

1.29862

Figure 17

1.44638

1.32884

Table 1. The values of Vmax and Umax in Figures 3−17.
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The results for frictional effect are displayed in Figures 4−7. The frictional effect includes two factors: the first one
from the difference of fo1 and fo2 and the second one from the difference in the decreasing rates of dynamic frictional
force with increasing displacement, i.e., the difference between Uc1 and Uc2. Results for the first factor are shown in
Figures 4−5. The values of model parameters are: (a) for 𝜙=1.00, (b) for 𝜙=1.01, (c) for 𝜙=1.02, and (d) for 𝜙=1.03
when s=0.06, 𝜇=1, fo1=1.0, Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and 𝜂1=10 and 𝜂2=10 (with 𝛾=1) in Figure 4; and (a) for
𝜙=1.00, (b) for 𝜙=1.01, (c) for 𝜙=1.02, and (d) for 𝜙=1.03 when s=0.48, 𝜇=1, fo1=1.0, Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and
𝜂1=10 and 𝜂2=10 (with 𝛾=1) in Figure 5. Results for the second factor are shown in Figures 6−7. The values of model
parameters are: (a) for 𝜓=0.2, (b) for 𝜓=0.6, (c) for 𝜓=1.0, and (d) for 𝜓=1.4 when s=0.06, 𝜇=1, fo1=1.0 and fo2=1.0 (with
𝜙=1), Uc1=0.5, and 𝜂1=10 and 𝜂2=10 (with 𝛾=1) in Figure 6; and (a) for 𝜓=0.2, (b) for 𝜓=0.6, (c) for 𝜓=1.0, and (d) for
𝜓=1.4 when s=0.48, 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5, and 𝜂1=10 and 𝜂2=10 (with 𝛾=1) in Figure 7.
The results for viscous effect are displayed in Figures 8−9. The values of model parameters are: (a) for 𝛾=0.1, (b)
for 𝛾=0.5, (c) for 𝛾=1.0, and (d) for 𝛾=1.5 when s=0.06, 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.5 (with
𝜓=1), and 𝜂1=10 in Figure 8; and (a) for 𝛾=0.1, (b) for 𝛾=0.5, (c) for 𝛾=1.0, and (d) for 𝛾=1.5 when s=0.48, 𝜇=1, fo1=1.0
and fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and 𝜂1=10 in Figure 9.
The results for inertial effect are displayed in Figures 10−15. For the six figures, the values of 𝜇 are: (a) for 𝜇=0.1,
(b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when fo1=fo2=1.0 (with 𝜙=1.0) and 𝜂1=𝜂2=0. The values of other parameters are:
s=0.12, and Uc1=0.5 and Uc2=0.2 (with 𝜓=0.4) in Figure 10; s=0.12 and Uc1=0.5 and Uc2=0.5 (with 𝜓=1.0) in Figure 11;
s=0.12 and Uc1=0.2 and Uc2=0.5 (with 𝜓=2.5) in Figure 12; s=0.48 and Uc1=0.5 and Uc2=0.2 (with 𝜓=0.4) in Figure 13;
s=0.48 and Uc1=0.5 and Uc2=0.5 (with 𝜓=1.0) in Figure 14; s=0.48 and Uc1=0.2 and Uc2=0.5 (with 𝜓=2.5) in Figure 15.
Figures 16 and 17 are made to examine the effect due to 𝜙>1 for various values of 𝜇. The values of model
parameters are: (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when fo1=1.0 and fo2=1.09 (with 𝜙=1.09),
Uc1=Uc2=0.5 (with 𝜓=1), and 𝜂1=𝜂2=0. The value of s is 0.12 for Figure 16 and 0.48 for Figure 17.

Figure 4. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜙=1.00, (b) for 𝜙=1.01, (c) for 𝜙=1.02, and (d) for 𝜙=1.03
when s=0.06, 𝜇=1, fo1=1.0, Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and 𝜂1=10 and 𝜂2=10 (with 𝛾=1).
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Figure 5. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜙=1.00, (b) for 𝜙=1.01, (c) for 𝜙=1.02, and (d) for 𝜙=1.03
when s=0.48, 𝜇=1, fo1=1.0, Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and 𝜂1=10 and 𝜂2=10 (with 𝛾=1).

Figure 6. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜓=0.2, (b) for 𝜓=0.6, (c) for 𝜓=1.0, and (d) for 𝜓=1.4
when s=0.06, 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5, and 𝜂1=10 and 𝜂2=10 (with 𝛾=1).
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Figure 7. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜓=0.2, (b) for 𝜓=0.6, (c) for 𝜓=1.0, and (d) for 𝜓=1.4
when s=0.48, 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5, and 𝜂1=10 and 𝜂2=10 (with 𝛾=1).

Figure 8. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝛾=0.1, (b) for 𝛾=0.5, (c) for𝛾=1.0, and (d) for 𝛾=1.5 when
s=0.06, 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and 𝜂1=10.
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5. Discussion
Although this study is focused on the inertial effect on the interaction between two earthquakes, the effects due
to seismic coupling, friction, and viscosity are also described below.

5.1 Seismic coupling effect
In each plot of Figure 3, the solid line separates from the dashed line, and the difference reduces with increasing s,
thus showing stronger coupling between the two sliders for larger s than for smaller s. Although interaction between
the two sliders is weak when s<1, slider 2 can still be triggered soon by slider 1 and then move almost simultaneously
with slider 1, especially for those with fo1=fo2. This means that the s is a minor factor in causing time delay on slider
2. In the phase portraits, there are two fixed points: one at the zero point and the other at a non-zero point. The
absolute values of slope at the two kinds of fixed points are both larger than 1 and thus they cannot be an attractor.
Together with Wang [2017b], the results suggest the importance of s in controlling interaction between two sliders.

5.2 Frictional Effect
The frictional effects are caused by two factors: the first one for the difference between fo1 and fo2; and the second
one for the difference between Uc1 and Uc2. First, we examine the effect due to the first factor represented by 𝜙=fo2/fo1.
Since slider 1 is assumed to move before slider 2 does, 𝜙 must be equal to or larger than 1. Simulation results for
𝜙=1.00, 1.01, 1.02, and 1.03 when fo1=1.0 are displayed in Figure 4 for s=0.06 and Figure 5 for s=0.48. In the two
figures, the values of other model parameters are: Uc1=0.5 and Uc2=0.5 (i.e., 𝜓=1) and 𝜂1=10 and 𝜂2=10 (i.e., 𝛾=1).

Figure 9. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝛾=0.1, (b) for 𝛾=0.5, (c) for 𝛾=1.0, and (d) for 𝛾=1.5
when s=0.48, 𝜇=1, fo1=1.0 and fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.5 (with 𝜓=1), and 𝜂1=10.
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From Table 1, the values of Vmax and Umax have small differences between Figure 4 and Figure 5, thus suggesting
that a change of s only yields a small effect on the displacements of sliders. In each plot the solid line is separated
from the dashed line and the peak values of V/Vmax and U/Umax on slider 2 appear behind those on slider 2. The
difference in the occurrence times of the peak values between the two sliders increases with � and decreases with
increasing s. In other words, higher fo2 will make a longer delay time on slider 2 than lower fo2. This is reasonable
and suggests that 𝜙=fo2/fo1 is a significant factor in causing time delay for slider 2 to move after it was triggered by
slider 1. Such a difference in the occurrence times is larger in Figure 4 than in Figure 5. This means that higher s
leads to stronger coupling, thus yielding a smaller difference in the occurrence times of the peak values between
the two sliders than lower s. Numerical tests show that slider 2 cannot slide when 𝜙≥1.05 for the two values of s.
This indicates that 𝜙=1.05 is the upper-bound value for the present model. Wang [2017b] obtained that 𝜙=1.9 is the
upper-bound value for his model with s≥1. Hence, the upper-bound value of 𝜙 depends upon the values of other
model parameters and could increase with s. Results indicate that it is earlier to trigger slider 2 by slider 1 for strong
coupling than for weak coupling between the two siders when 𝜙>1. The amplitudes of V/Vmax and U/Umax on slider 2
are all larger than those on slider 1, thus suggesting the directivity of motions of the system from slider 1 to slider 2.
A comparison between Figure 4 and Figure 5 shows that the difference in the amplitudes between the two sliders
slightly increases with s, thus indicating that stronger coupling between the two sliders will produce slightly larger
amplitudes on slider 2 than weaker coupling. The predominant periods of the two sliders are almost the same,
because the values of model parameters, except for s, on the two sliders are equal.
In the phase portraits, there are two fixed points: one at the zero point and the other at a non-zero point. The
absolute values of slope at the two kinds of fixed points are both larger than 1 and thus they cannot be an attractor.
Secondly, we examine the effect due to the second factor represented by 𝜓=Uc1/Uc2. Simulation results for 𝜓=0.2,
0.6, 1.0, and 𝜓=1.4 when Uc1=0.5 are shown in Figure 6 for s=0.06 and Figure 7 for s=0.48. In the two figures, the
values of other model parameters are: fo1=1.0 and fo2=1.0 (with 𝜙=1) and 𝜂1=10 and 𝜂2=10 (with 𝛾=1). From Table 1,
the values of Vmax and Umax are slightly higher in Figure 6 than in Figure 7, thus suggesting that the seismic coupling

Figure 10. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.12, fo1=fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.2 (with 𝜓=0.4), and 𝜂1=𝜂2=0.
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Figure 11. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.12, fo1=fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.5 (with 𝜓=1.0), and 𝜂1=𝜂2=0.

Figure 12. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.12, fo1=fo2=1.0 (with 𝜙=1), Uc1=0.2 and Uc2=0.5 (with 𝜓=2.5), and 𝜂1=𝜂2=0.
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only yields a small effect on the displacements of sliders for different values of 𝜓. In each plot the solid line separates
from the dashed line, thus exhibiting an effect on slip of and interaction between the two sliders due to a difference
of Uc1 and Uc2. Although slider 1 moves first, the peak values of V/Vmax appear earlier on slider 2 than on slider 1 when
𝜓<1, and vice versa when 𝜓>1. This means that the 𝜓 is a significant factor in influencing the movement of slider
2 after it was triggered by slider 1. Of course, its importance is lower than 𝜙. The peak values of V/Vmax and U/Umax
of slider 1 are all lower than those of slider 2 when 𝜓≤1, and vice versa when 𝜓>1. Results suggest that the condition
of 𝜓<1 makes slider 2 be more easily triggered by slider 1.
In the phase portraits of Figures 6 and 7, the fixed points at the zero point are not an attractor because their
absolute values of slope are all higher than 1. The non-zero fixed points in Figure 6 are not an attractor, because
their absolute values of slope are higher than 1. In Figure 7, the non-zero-fixed point for slider 1 when 𝜓=1.00 and
those for the two sliders when 𝜓=1.01 are an attractor because the absolute values of slope are lower than 1. The
non-zero fixed points for the two sliders do not exist when 𝜓>1.01. Hence, chaotic behavior may exist under some
values of model parameters when Uc2≠Uc2.
Figures 3−7 show that nonlinear slip-dependent friction can result in chaotic slip in the model. This is similar
to the chaotic motions in a two-body system studied by others [e.g., Huang and Turcotte 1990, 1992; de Sousa Viera
1999; and Abe and Kato 2013]. A comparison between the cases without viscosity (see Figure 3) and those with
viscosity (see Figure 4−10) shows that the absence of viscosity results in higher velocities of sliders than the presence
of viscosity, thus suggesting that viscosity can cause slow earthquakes or creep of faults.

5.3 Viscous effect
The viscous effect is caused by the difference between 𝜂1 and 𝜂2 and is represented by 𝛾=𝜂2/𝜂1. Simulation results
for 𝛾=0.1, 0.5, 1.0, and 1.5 when 𝜂1=10 are shown in Figure 8 for s=0.06 and in Figure 9 for s=0.48. The values of
other model parameters are fo1=1.0 and fo2=1.0 (with 𝜙=1) and Uc1=0.5 and Uc2=0.5 (with 𝜓=1). From Table 1, the value
of Vmax is slightly higher in Figure 8 than in Figure 9; while that of Umax is almost the same as in the two figures. This
suggests that the s yields a slightly larger effect on the velocity than on the displacement for different values of 𝜓.
In each plot the solid line separates from the dashed line, thus exhibiting an effect on slip of the two sliders due
to the difference of 𝜂1 and 𝜂2. The peak values of V/Vmax of slider 2 appear earlier than those of slider 1 when 𝛾<1,
and vice versa when 𝛾>1. Hence, the value of 𝛾 is a significant factor in influencing the occurrence time for slider
2 after it was triggered by slider 1. The peak values of V/Vmax and U/Umax of slider 1 are lower than those of slider 2
when 𝛾<1, and vice versa when 𝛾>1.
In the phase portraits of Figures 8 and 9, the fixed points at the zero point are not an attractor because their
absolute values of slope are larger than or equal to 1. In Figure 8, the non-zero fixed points for slider 1 are an
attractor when 𝛾≤, because their slope values are lower than 1; while the non-zero fixed point does not exist when
𝛾>1. In Figure 8, the situation of non-zero fixed point for slider 2 is distinct for different values of 𝛾. It is not an
attractor when 𝛾=0.1, because its absolute value of slope is higher than 1; it is an attractor when 𝛾=0.5, because its
absolute value of slope is lower than 1; and the non-zero fixed point does not exist when 𝛾>0.5. In Figure 9, the nonzero fixed points for the two sliders are not an attractor, because their absolute values of slope are higher than 1.
The non-zero fixed points for slider 1 are an attractor when 𝛾≤1.0, because their absolute values of slope are lower
than 1; while the non-zero fixed point does not exist when 𝛾=1.5. The non-zero fixed point for slider 2 is not an
attractor when 𝛾=0.1, because its absolute value of slope is higher than 1; the non-zero fixed points are an attractor
when 𝛾=0.5 and 1.0, because their absolute value of slope are lower than 1; and the non-zero fixed point does not
exist when 𝛾=1.5.
Since the slip starts at slider 1 and then proceeds to slider 2, the epicenter of the related event consisting of slip
of the two sliders is at slider 1 and slider 2 shows a ruptured fault away from the epicenter. Results displayed in the
plots denoted by “a” in Figures 6–9 seem able to provide a mechanism to interpret the phenomenon that during an
event the major slip does not happen at the epicenter and occurs at some other places for numerous earthquakes
as addressed by some authors [e.g., Wang 2006; Lee et al. 2011]. When the characteristic displacement, uc, of friction
law and/or the viscosity coefficient of an area which is not around the epicenter is lower than that at the epicenter,
the final slip at that area could be larger than that at epicenter as implied from those plots.
The longer duration times in Figures 8 and 9 than in Figures 3–7 are due to the viscous effect. When K=0, the
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normalized natural periods of the two sliders of the model obtained by Wang [2017b] are: (1) 𝑇o1=2𝜋 for slider 1 and
𝑇o2=2𝜋𝜇1/2 for slider 2 in the absence of friction and viscosity; and (2) T1=To1/(4-𝜂12)1/2 for slider 1 and T2=To2/(4𝜂22)1/2 for slider 2 in the present of viscosity. This gives T2/T1= [𝜇(4-𝜂12)/(4-𝜂22)]1/2.
Obviously, the inertial and viscous effects increase the natural periods. When the two sliders are linked together,
the natural period of each slider must be slightly different from To. The difference may be small because of weak
coupling (with s<1) between the two sliders. In Figures 8 and 9, T1>T2 when 𝜂1>𝜂2 (see Figures 8a and 9a), T1=T2
when 𝜂1=𝜂2 (see Figure 8b and 9b), and T1<T2 when 𝜂1<𝜂2 (see Figures 8c,d and 9c,d). The values of V/Vmax and
U/Umax of slider 2 both decrease with increasing 𝜂2, because viscosity can depress the movements of sliders. Wang
[2007] applied a two-body model with viscosity to simulate the difference in ground motions between the northern
and southern segments of the Chelungpu fault generated by the 1999 Chi-Chi, Taiwan, Ms7.6 earthquake. The
observed predominant periods at nine near-fault seismic stations are longer in the northern segments than in the
southern one. His results show that higher viscosity coefficient in the fault zone of the former than in that of the
latter is responsible for the observation.

5.4 Inertial effect
The inertial effect (represented by 𝜇) is made for different masses of the two sliders, i.e., 𝜇≠1. Results are displayed
in Figures 10‒12 with s=0.20 for weaker seismic coupling and in Figures 13‒15 with s=0.48 for strong seismic
coupling. In the six figures, the values of 𝜇 are: (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50, with Uc1=0.5
and Uc2=0.2 (i.e., 𝜓=0.4) in Figures 10 and 13, with Uc1=0.5 and Uc2=0.5 (i.e., 𝜓=1.0) in Figures 11 and 14, and with
Uc1=0.2 and Uc2=0.5 (i.e., 𝜓=2.5) in Figures 12 and 15 when fo1=fo2=1.0 and 𝜂1=𝜂2=0. Like Figures 3−9, Figures 10‒15
show the triggering of slider 2 by sider 1. All figures display decreases in the peak velocities and final displacements
with increasing 𝜇. This indicates that the condition of slider 2 being heavier than slider 1 can reduce the movements
of the two sliders.
In Figures 10‒15, the peak velocity and final displacement on slider 2 appear earlier than those on slider 1 when
𝜇=0.1 for both weaker and stronger seismic coupling; the peak velocity and final displacement on slider 2 appear
either earlier (𝜓<1.0) or later (𝜓≥1.0) than those on slider 1 when 𝜇=1 for both weaker and stronger seismic
coupling; and the peak velocity and final displacement on slider 2 appear later (for weaker seismic coupling with
s=0.12) or earlier (for stronger seismic coupling with s=0.48) than those on slider 1 when 𝜇>1. This means that in
addition to the difference in static friction forces between the two sliders, the inertia is also a factor in delaying the
movement of slider 2. In Figures 13−15, during the computational time a few smaller-sized events appear after the
first one on slider 1 when𝜇>1; an event appears after the first one on slider 2 when 𝜇<1; and not any event appears
after the first one on the two sliders when 𝜇=1. These phenomena cannot be found in Figures 10−12 with weaker
seismic coupling. This means that when the coupling between the two sliders is weak, aftershocks or afterslip cannot
be generated on the lighter slider.
In the middle panels of Figures 10−15, the displacement of slider 1 (displayed by a solid line) first appears and
increases with time; while the displacement of slider 2 (displayed by a dashed line) suddenly appears for a while after
slider 1 moves and then jumps to its peak value in a short time span. The difference in final displacement between
the two sliders slightly increases with 𝜇 and is bigger for small s than for large s. The phenomenon that the final
displacement of slider 1 is lower than that of slider 2 might be due to a higher force drop on slider 2 than on slider 1.
In order to examine the possible effect caused by 𝜙>1 for various values of 𝜇, numerical results are displayed in
Figures 16 and 17 when 𝜙=1.09. Numerical tests show that 𝜙=1.09 and 1.30 are the upper-bounds for s=0.12 and 0.48,
respectively, to prohibit the motion of slider 2. This is consistent with the above-mentioned conclusion that the
upper bound of 𝜙 increases with s. The two figures exhibit that slider 2 moves later than slider 1 and the difference
of starting times of movement on the two sliders increase with 𝜇. A comparison between Figure 11 with 𝜙=1 and
Figure 16 with 𝜙=1.09 shows that there is only a small difference between the two panels with 𝜇=0.1 and 1. On slider
1 there is only an event showed in Figure 11 and numerous small events are generated after the first one in Figure
16. A comparison between Figure 14 with 𝜙=1 and Figure 17 with 𝜙=1.09 shows that there is only a small difference
between the two panels when 𝜇=0.1 and 1. On slider 1 numerous small events are generated after the first one in
Figure 17 and there is only an event produced in Figure 14.
In these figures, the predominant period of slider 1 does not change with 𝜇 and that of slider 2 increases with 𝜇
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Figure 13. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.48, fo1=fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.2 (with 𝜓=0.4), and 𝜂1=𝜂2=0.

Figure 14. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.48, fo1=fo2=1.0 (with 𝜙=1), Uc1=0.5 and Uc2=0.5 (with 𝜓=1.0), and 𝜂1=𝜂2=0.
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as expressed in the above-mentioned equations of T1 and T2. The peak velocities on both sliders are abnormally large
and decrease with increasing 𝜇. From Equation (3b), there is a very large acceleration on slider 2, i.e., d2U2/d𝜏2, caused
by a very small value of 𝜇=0.1. This will lead to an abnormally large velocity. This phenomenon exists for 𝜇<1. As 𝜇>1,
the acceleration decreases with increasing 𝜇. As mentioned above, when 𝜇=0.1 the peak velocities on slider 2 in
Figures 13‒15 are higher, respectively, than those in Figures 10‒12. This indicates that that weaker coupling between
two sliders can yield a higher peak velocity than stronger coupling when 𝜇=0.1 or m1=10m2. From the six figures we
can see that the peak velocities on the two sliders, especially for slider 2, decrease with increasing 𝜇.
In Figures 10‒15, when 𝜇=0.1 the final displacements on slider 1 are almost larger than those on slider 2 except for
the case in Figure 10 in which the former is only slightly larger than the latter; when 𝜇=1 the final displacements on
slider 1 are larger than, equal to, or smaller than those on slider 2 depending on the values of other model parameters;
and when 𝜇>1 the final displacements on slider 2 are larger than those on slider 1 except for the cases in Figure 10
where the final displacements on slider 2 are approximately equal to those on slider 1. During the computational time,
only one event is generated on each slider when s=0.12; on the other hand only one event is generated on slider 2
and numerous smaller-sided events are produced after the first largest one on slider 1 when s=0.48.
When 𝜇≥50, the predominant period (see panel (a) in each figure) and rise time (see panel (b) in each figure) of
slider 2 become very long and much longer than those of slider 1, such that the slip of slider 2 behaves like a slow
earthquake. This suggest that slider 2 cannot behave like a regular earthquake when 𝜇≥50 or m2≥50m1. When the
densities, 𝜌, and fault widths, W, of the two sliders are equal, we have mi=𝜌WLi, where Li is the fault length of slider
i (i=1,2). Since the present model is a strike-slip (SS) one, the empirical relationship of earthquake magnitude, M,
versus fault length, L, for the SS events is (Wells and Coppersmith, 1994): M=(5.16±0.13)+(1.12± 0.08)log(L). Consider
the magnitude of slider 1 is M1. For 𝜇=50 or L2=50L1, the magnitude of slider 2 is M1+1.90. This means that an
earthquake with a magnitude of M on slider 1 (or fault 1) can trigger an even with a magnitude<M+1.90 as 𝜇<50
and can initiate a slow event with a magnitude≥M+1.90 as 𝜇≥50 on slider 2 (or fault 2).

Figure 15. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.48, fo1=fo2=1.0 (with 𝜙=1), Uc1=0.2 and Uc2=0.5 (with 𝜓=2.5), and 𝜂1=𝜂2=0.
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Equation (3) shows that the relative movement between the two sliders may induce an additional force to slider
1 when U2-U1>0 and a resistant force to slider 1 when U2-U1<0. Hence, a decrease in U2 due to an increase in the
inertia on slider 2 would resist slider 1 to move, and the resistant force increases with s.
In the phase portraits on the right-hand-side panels of Figures 10−17, there are fixed points at either zero or nonzero points for the two sliders. When 𝜇<1, the fixed points are not an attractor because their absolute values of
slope are larger than or equal to 1. When 𝜇=1, the fixed points at the zero points for slider 2 could be an attractor
because their absolute values of slope are smaller than 1 for 𝜓≤1 and cannot be an attractor because their absolute
values of slope are larger than 1 for 𝜓>1. There are not fixed points at non-zero points when 𝜇≤1. In Figures 10−15
with 𝜇>1, the fixed points at either the zero or non-zero points for the two sliders are not an attractor because their
absolute values of slope are larger than or equal to 1. In Figures 16 and 17 with 𝜇>1, there is only a fixed point at
the zero point and there is not a fixed point at the non-zero point for the two sliders. The fixed point at the zero
point could be an attractor because their absolute values of slope are smaller than 1. Consequently, the inertia can
influence the chaotic behavior of the system.
In addition, Figures 10−15 with s=0.48 also exhibit three interesting and significant features: First, the mainshock
occurs on the heavier slider (having a longer fault) which is slider 1 for𝜇<1 and slider 2 for 𝜇>1. Secondly, when 𝜇<1
a few smaller-sized events, which could be regarded as aftershocks, are generated on the lighter slider (having a
shorter fault), i.e., slider 2. Thirdly, when 𝜇>1 a few smaller- sized events, which could be regarded as foreshocks
and aftershocks, are generated on the lighter slider (having a shorter fault), i.e., slider 1 now. The three features
cannot be found in the figures with s=0.12 even 𝜇>>1. Results seem to suggest that the mainshock occurs on the
heavier slider and foreshocks and aftershocks are generated on the lighter slider when seismic coupling is stronger;
while only the mainshock is produced when seismic coupling is weaker. Since the present model is still simple,
simulation results cannot give us comprehensive information about the generation of a whole foreshocksmainshock-aftershocks sequence. A more comprehensive model is necessary for this purpose.

Figure 16. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.12, fo1=1.00 and fo2=1.09 (with 𝜙=1.09), Uc1=Uc2=0.5 (with 𝜓=1), and 𝜂1=𝜂2=0.
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6. Conclusion
Simulation results show that although the stiffness ratio s can control the interaction between the two sliders,
it is only a minor factor in causing time delay between the two sliders. The difference between fo2 and fo1, which is
represented by 𝜙=fo2/fo1, is a significant factor in causing time delay of the motion of slider 2 after it was triggered
by slider 1. Higher 𝜙 leads to a longer delay time than lower 𝜙. Slider 2 cannot move when 𝜙 is higher than a critical
value which depends on other model parameters. Interaction between the two sliders is different between
𝜓=Uc2/Uc1<1 and 𝜓>1, and thus 𝜓 is also a significant factor in causing time delay for slider 2 to move triggered by
slider 1. Of course, it is less important than 𝜙. The slip patterns of two sliders yielded by small 𝜓 are opposite to those
done by large 𝜓. The differences in amplitudes and particle velocities between the two sliders decrease with
increasing 𝛾 (=𝜂2/𝜂1). The 𝛾 is a significant factor in causing time delay for slider 2 to move triggered by slider 1.
Higher � results in a longer delay time than lower 𝛾. The presence of viscosity can make an increase in the duration
time and predominant period of motions of a slider and may generate attractors for some values of 𝛾. The inertial
effect denoted by 𝜇=m2/m1 plays a significant role on the interaction between the two sliders (or two faults).
Foreshocks or aftershocks/afterslip can be generated on slider 1 or slider 2 when 𝜇≠1. The slip of slider 2 behaves
like a slow event when 𝜇>50 or m2>50m1.

Figure 17. The time sequences of V/Vmax and U/Umax and the phase portraits of V/Vmax versus U/Umax of the two sliders
(solid line for slider 1 and dashed line for slider 2): (a) for 𝜇=0.1, (b) for 𝜇=1, (c) for 𝜇=10, and (d) for 𝜇=50 when
s=0.48, fo1=1.00 and fo2=1.09 (with 𝜙=1.09), Uc1=Uc2=0.5 (with 𝜓=1), and 𝜂1=𝜂2=0.
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