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Abstract

Surface wave exploration is widely used in fields such as near‑surface exploration and engineering 
surveys because of its advantages of high resolution near the surface, non-destructive testing, 
convenient construction, and high-cost performance. Dispersion curve inversion is a key step in 
surface wave exploration, and the inversion accuracy of subsurface elastic parameters is heavily 
dependent on the inversion method. Similar to other geophysical inversion problems, dispersion 
curve inversion has inherent defects such as multiple parameters and multiple extreme values. 
Therefore, the use of linear methods has certain uncertainties and instability. From the perspective 
of global optimization nonlinearity, this paper introduces the whale optimization algorithm (WOA) 
and improves it. The three population update mechanisms of the WOA are independent of each 
other, so the global exploration and local development processes in the optimization phase can be 
run and controlled separately. In addition, WOA does not require the artificial setting of various 
control parameter values, which improves the efficiency of the algorithm and reduces the difficulty of 
application. However, the WOA application still has slightly lower convergence precision and result 
accuracy in dispersion curve inversion, so this paper also proposes an improved whale optimization 
algorithm (IWOA) based on WOA. IWOA optimizes the initialization of the population and adds 
adaptive weight coefficients to enrich the population information and improve the convergence 
ability and local search ability of the algorithm. To test the applicability and noise immunity of IWOA 
for dispersion curve inversion, the noise-free and noise-contaminated dispersion curves of three 
theoretical models were inverted with IWOA. IWOA was also applied to the study of multi-mode 
model dispersion curve inversion. At the same time, the particle swarm optimization (PSO) algorithm 
and WOA were also tested in the same inversion test to compare the performances of the PSO, 
WOA, and IWOA. The results of the above various experimental analyses show that IWOA has good 
applicability and noise immunity in the dispersion curve inversion of the theoretical model. The 
multi-mode dispersion curve inversion results show that IWOA is not only suitable for the inversion 
of multi‑mode data but also can significantly improve the accuracy of the inversion results. Compared 
with PSO and WOA, IWOA has a more stable convergence process and higher convergence accuracy. 
Finally, the measured data from the Arnarbæli area in Iceland (fundamental-mode surface wave data) 
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and the Wyoming area in the United States (multi-mode surface wave data) were inverted to test 
the practicality of IWOA in inverting measured data. Analysis of measured data shows that IWOA 
is very suitable for the inversion of dispersion curves and can effectively quantitatively explain and 
solve practical engineering problems.

Keywords: The Rayleigh surface wave; Dispersion curve inversion; Global optimization algorithm; 
The whale optimization algorithm; The particle swarm optimization algorithm

1. Introduction

Since the Rayleigh surface waves were discovered by British scholar Rayleigh [1885], they have attracted 
widespread attention and research by many scholars. The Rayleigh waves are a type of waves formed by the 
interference and superposition of longitudinal and share waves and they propagate along the surface or medium 
interface. When the Rayleigh surface wave propagates through layered media, its phase velocity changes with 
variations in frequency. Subsequently, numerous scholars utilized the characteristics of Rayleigh waves in their 
research on near-surface geological structures. With the deepening of research, people have found that Rayleigh 
waves are often distributed in groups according to frequency in seismic records, and Rayleigh waves at different 
frequencies reflect stratigraphic information at different depths in the medium. Meanwhile, the frequency dispersion 
characteristics of the Rayleigh waves are affected by the longitudinal wave velocity, shear-wave velocity, thickness, 
and density of various layers, among which, the shear-wave velocity and thickness most affect the Rayleigh waves. 
Therefore, the inversion of the dispersion curve of Rayleigh waves can obtain a relatively accurate determination 
of shear wave velocities and thickness information for each layer of the underground medium. At present, with 
the rapid development of science technology and electronic information, Rayleigh wave exploration technology 
has been relatively mature. Because of its advantages [Wu et al., 2017] of high resolution near the surface, 
non‑destructive testing, convenient construction, and high‑cost performance, It is widely used in many fields such 
as roadbed assessment and evaluation [Zhu et al., 2022], landslide investigation [Zhou et al., 2008], geological hazard 
assessment [Zhang, 2018], coal exploration [Xu et al., 2014] and other fields.

The technical process of surface wave exploration can be roughly divided into three steps: (1) Collection of field 
measurement data; (2) Extraction of dispersion curves; (3) Inversion of the dispersion curves. The inversion results 
of the dispersion curve can obtain information on the subsurface shear wave velocity structure, and the quality 
of these results directly affects the accuracy and reliability of the obtained information. Therefore, dispersion 
curve inversion is also the most important step in the entire Rayleigh wave exploration technology. Currently, 
dispersion curve inversion methods can be broadly categorized into two main classes: global non-linear optimization 
algorithms and local linear optimization algorithms. Common local linear optimization algorithms include methods 
like the least-squares method [Dorman et al., 1962; Cercato, 2010], Occam’s algorithm [Constable et al., 1987; 
Wang et al., 2009], singular value decomposition [Ding, 2004] and others, which have a high inversion speed. 
However, local linear optimization algorithms have high requirements for the establishment of the initial model 
and require high-precision derivatives. Therefore falling into the local extremum by using such methods is easy. 
Common global nonlinear optimization algorithms include particle swarm optimization (PSO) [Song et al. 2012; 
Cai et al. 2018; Zhang et al. 2016], genetic algorithm (GA) [Shi et al. 1995; Lei et al. 2019; Ni et al. 2018], simulated 
annealing algorithm (SA) [Ryden et al. 2006; Calderon et al. 2007; Beaty et al. 2002], sparrow search algorithm (SSA) 
[Sun et al. 2022], among others. This type of algorithm has minimal dependence on the established initial models, 
high solution accuracy, and strong capability to jump out of the local optimal solution. However, when dealing with 
complex subsurface structures, global nonlinear optimization algorithms will have problems of slow convergence 
speed and low convergence accuracy.

Regarding the shortcomings of the above-mentioned global nonlinear optimization algorithm, this article 
introduces the Whale Optimization Algorithm (WOA) proposed by Mirjalili from Griffith University, Australia, 
in 2016. The three population update mechanisms of this algorithm are independent of each other, so the global 
exploration and local development processes in the optimization phase can be run and controlled separately. 
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In addition, this algorithm does not require the artificial setting of various control parameter values, which improves 
the efficiency of the algorithm and reduces the difficulty of application. Compared with other swarm intelligence 
optimization algorithms such as PSO, SSA, etc., the WOA has a novel structure and fewer control parameters. 
Therefore, this algorithm shows very good optimization performance in solving many numerical optimization and 
engineering problems [Mirjalili et al., 2016; Bui et al., 2021]. By making improvements based on this algorithm in this 
paper, an Improved Whale Optimization Algorithm (IWOA) was proposed and applied to the inversion research of 
the Rayleigh wave dispersion curve. IWOA adopts two optimization strategies: sin chaotic population initialization 
and adding adaptive weight coefficient 𝜔. The above two strategies make the distribution of the initial population 
more uniform, enhance individual search capabilities, and improve the convergence accuracy of the algorithm.

In this article, to assess the convergence capabilities of IWOA, two multimodal complex mathematical 
functions were used to test the algorithm. Three typical theoretical geological models were established, and both 
noise-contaminated and noise-free dispersion curves were used to test the inversion accuracy and anti-noise ability 
of IWOA. Additionally, This paper applied IWOA to the dispersion curve inversion of multi-mode of the theoretical 
model to verify whether IWOA can invert the dispersion curves of multi-mode. Then, to compare the performance 
of IWOA with other algorithms, IWOA was applied to the same models for comparative analysis experiments with 
WOA and PSO. Finally, IWOA was used to invert the measured data from two different regions to test the algorithm’s 
ability to invert actual data. The results of the theoretical model and measured data analysis show that IWOA has 
the characteristics of stability, high accuracy, and strong applicability, and can effectively quantitatively explain 
Rayleigh wave dispersion curves.

2. The whale optimization algorithm

2.1 Method principle

The WOA is a new swarm intelligence optimization algorithm proposed by Mirjalili [2016], a scholar from Griffith 
University in Australia, 2016. Whales are special animals and are considered the largest mammals in the world. At the 
same time, relevant research has proven that whales can think, learn, and judge like humans. Another difference 
is in the whales’ social behavior. Whales usually live together in groups and hunt together. The way whales hunt is 
also different from that of other animals. They create unique bubbles along a circular or ‘9’-shaped path (as shown 
in Figure 1) and move from the deep sea to the shallow water to feed on swarms of krill and small fish. The WOA 

Figure 1. Bubble-net feed behavior of whales [Mirjalili et al. 2016].
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simulates the hunting process of a humpback whale from discovery to prey capture. This process corresponds to 
three stages of the algorithm: surrounding prey, hunting behavior, and searching for prey.

The mathematical steps of the WOA are described below:

(1) Population individual position initialization.

; ; (1)

Where  represents the position of the  individual when the current iteration number is 𝑡,  and  represent 
the upper and lower bounds of the search space respectively, 𝑁 represents the number of populations, 𝑇 represents 
the maximum number of iterations, and 𝑟𝑎𝑛𝑑 represents a random number between 0 and 1.

(2) Surrounding prey stage.
The whale population first seeks the area where the prey is located. With an increase in the number of iterations, 
whales will progressively approach the prey, and their positions will continuously update. If the current location 
of the prey is the best position for the whale population, the other whales will move towards this optimal position 
to complete the hunting of the prey. The formula for updating the positions of individual whales in the population 
is as follows:

(2)

(3)

(4)

(5)

(6)

Where  represents the position of the  individual when the current iteration number is 𝑡 + 1,  represents 
the optimal position of the individual when the iteration number is 𝑡,  represents the step length to surround the 
prey, 𝐴 and 𝐶 represent the variable coefficients, and 𝑎 represents the convergence factor.

(3) Hunting behavior stage.
According to the unique hunting behavior of whales, which involves moving towards the prey in a spiral trajectory. 
As the number of iterations increases, the whales’ encirclement radius continuously narrows to facilitate better prey 
capture. During the spiral movement of whales, the formula for updating the spiral position is as follows:

(7)

(8)

Where  represents the distance between the individual whale and the prey, Z represents the factor that determines 
the shape of the spiral, and M represents a random number between -1 and 1. However, in actual hunting, contraction 
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encirclement mode and spiral motion mode are carried out simultaneously 0, and each of the two hunting modes 
accounts for half. The mathematical formula is expressed as

(9)

(4) Searching prey stage.
To increase the hunting range, whales also adopt a random movement pattern for hunting. This pattern does not 
depend on prey to update individual positions but relies on global random searches among the positions of whale 
individuals to select new positions. The mathematical formula for updating positions in this random movement 
pattern is as follows:

(10)

(11)

Where  represents the random position of the individual whale, and 𝐷3 represents the distance between the 
selected random position and the prey position.

The pseudo-code of the WOA algorithm is presented in Table 1.

Input: Maximum number of iterations T and whales population N
Initialize the position of the individual whale by Eq. (1)
Calculate the fitness value of each whale population fi

Fbest = the best position for hunting
while (t<T)

for every individual
Update parameters A, C, a, P, and M in Eq. (2), Eq. (10), and Eq. (7)
if (p<0.5)

if (/A/<1)
Update the position of the current individual by Eq. (2)

else if
Select a random individual 
Update the position of the current individual by Eq. (10)

end if
else if (p≥0.5)

Update the position of the current individual by Eq. (7)

end if
end for
Boundary processing and Calculate the fitness value of each whale population fi

Update Fbest (if there is a better solution)
t = t+1

end while
Return Fbest

Table 1. Pseudo-code of the WOA algorithm.
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2.2 Improvement strategies

2.2.1 Sin chaos population initialization

The quality of the initialized population has a significant impact on the performance of the algorithm, so the 
initialization of the population is particularly critical. The WOA uses a random method to initialize the population, 
which will lead to high randomness, poor diversity, and individual aggregation within the population, resulting in 
uneven population distribution in the search space. To address the above problems, this paper adopts the Sin chaotic 
initialization strategy [Yang et al., 2009] in the population initialization process of WOA. Sin chaotic population 
initialization ensures an even distribution of the population in the search space and increases the diversity of 
population information. To a certain extent, this strategy can improve the algorithm’s ability to jump out of the local 
optimal solution and the accuracy of the algorithm results. The one-dimensional mapping mathematical formula 
of Sin chaotic initialization is as follows:

(12)

Where  and  represent the positions of the  and  individuals respectively.  is to prevent the 
creation of zero points and constant points.

2.2.2 Adding adaptive weight coefficient 𝝎

The traditional WOA performs well in searching for the optimal location early, and it does not depend on 
information from other individuals. However, in the later stage of the algorithm, the population easily falls into the 
local optimal area, leading to problems of unstable and incomplete convergence. To address these problems, this 
paper introduces a non‑linearly decreasing weight coefficient 𝜔 [Zhang et al., 2023], which decreases non-linearly 
as the number of iterations increases. In the early stage of the algorithm, when the number of iterations is small, the 
weight coefficient 𝜔 will be larger, allowing the algorithm to quickly approach the vicinity of the optimal position. 
At this point, the population also has good global search capabilities. In the later stage of the algorithm, when 
the number of iterations is high, the weight coefficient 𝜔 will be small, enabling the algorithm to perform a more 
detailed and slower search in the vicinity of the optimal position. At this time, the population gradually converges 
towards the global optimal position, improving the algorithm’s convergence and local search capabilities. The 
population position updating formula with the adaptive weight coefficient 𝜔 and the calculation formula for the 
adaptive weight coefficient 𝜔 are as follows:

(13)

(14)

(15)

Where  and  represent the maximum and minimum values of the weight coefficient respectively. After 
verification, the algorithm has the best optimization ability when the maximum and minimum values are 0.8 and 
0.3 respectively. 𝑡 represents the current number of iterations, and 𝑇 represents the maximum number of iterations.

The IWOA flow chart is shown in Figure 2.
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Figure 2. IWOA algorithm flowchart.

2.3 Algorithm testing

This paper selects two complex multimodal functions for algorithm testing to verify the performance of IWOA 
in dealing with complex problems. The function  is a quartic function containing random noise with many local 
minima distributed within its search range, so this function can be a good test of the search capability of the 
algorithm. The function  is a complex nonlinear function with a broad search space and can test the convergence 
ability of the algorithm. The above two functions are generally considered to be complex multi-modal problems that 
are difficult to handle by many optimization algorithms. Therefore, the above two functions are selected in this paper 
to test the performance of the IWOA algorithm. The mathematical expressions of the two functions are as follows:

(16)

The figures of the above two functions are shown in Figure 3. From the figure, it can be observed that the global 
minimum values of the two functions are both 0, and both are located at (0, 0). In this paper, IWOA and WOA are 
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applied to find the global minimum values for these two functions. The population number was set to 30, and the 
number of iterations was set to 100 for each test. The average results from 10 times are reported as the final results. 
The calculated results and error analysis are presented in Table 2.

Based on the results in Table 2, it can be seen that both IWOA and WOA perform well in finding the global 
minimum values on the two complex multimodal functions. However, IWOA’s results are significantly better than 
WOA’s in terms of mean, standard deviation, and optimal solution. Through the above comparison, the results 
show that IWOA enhances search capabilities and improves solution accuracy based on WOA. IWOA has strong 
optimization abilities and the capability to converge toward optimal solutions, especially when dealing with complex 
problems.

Figure 3. Image of 𝐹1 function (a) and 𝐹2 function (b).

Test 
function

True 
value

WOA IWOA

Optimal
solution Mean Standard

deviation
Optimal
solution Mean Standard

deviation

𝐹1 0 5.54 × 10–4 1.99 × 10–2 1.3 × 10–2 5.22 × 10–5 6.18 × 10–3 7 × 10–3

𝐹2 0 9.12 × 10–9 4.03 × 10–7 5.27 × 10–7 7.99 × 10–15 3.18 × 10–7 9.88 × 10–6

Note: All numbers must have 2 significant digits after the decimal point.

Table 2. Optimization results and error analysis of WOA and IWOA.
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2.4 Parameter and objective function settings

Based on previous research, the two primary parameters that significantly affect the inversion of dispersion 
curves are shear wave velocity and layer thickness, and other parameters like density and Poisson’s ratio have 
minimal impact on the dispersion curves [Xia, 2014]. To save computational resources, this paper focuses on 
inverting shear wave velocity and layer thickness, and all the other parameters are set to known values. Considering 
that the estimated values of compressional wave velocity and density may have some deviations from the true 
values in practical work, the search ranges for these parameters were set to be 50% of the true model values during 
inversion. In the subsequent inversion of the theoretical model and measured data, the population number was 
set to 20, and the number of iterations was set to 20. To reduce the random influence caused by a single inversion 
result, the number of inversions is set to 20, and the average of the 20 inversion results is used as the final result.

The inversion problem of the Rayleigh waves dispersion curves is fundamentally a problem of finding the 
minimum value of an objective function. When various parameters in the subsurface medium, such as layer thickness, 
density, shear and longitudinal wave velocities, and frequency, are provided, we can calculate the phase velocity of 
the Rayleigh waves based on these parameters. However, during the inversion process, the shear wave velocity and 
layer thickness are no longer given definite values but a range of values. The values of other parameters remain 
constant, and random values within the given parameter ranges are chosen. Subsequently, the phase velocity of the 
inverted Rayleigh waves can be calculated. Finally, the phase velocity before and after the inversion is calculated 
using a certain functional relationship (the closer the phase velocity values before and after the inversion are, the 
smaller the function value will be). When the function value is smaller, it indicates that the inverted model is closer 
to the true model. The objective function used in this paper during the inversion is the root mean square error 
between the inverted velocity values and the theoretical velocity values, and its mathematical formula is as follows:

(17)

Where 𝑀 represents the inversion model, 𝑁 represents the number of frequency points of the dispersion curve, 
represents the Rayleigh wave velocity at the frequency point calculated by forward modeling of model parameters, 
and  represents the Rayleigh wave velocity at the  frequency point on the inversion dispersion curve.

For the objective function of multi-mode dispersion curve inversion, its mathematical formula is as follows:

(18)

Where 𝐴 represents the number of high-mode dispersion curves, and  represents the number of frequency points 
of the  dispersion curve. The forward simulation of the dispersion curve used in this paper is the fast scalar method 
[Fan et al. 2002].

3. Theoretical model inversion analysis

Three common theoretical geological models were established to test the algorithm and evaluate the effectiveness 
and noise immunity of the IWOA in this paper. The longitudinal wave velocity ( ), shear wave velocity ( ), 
density (𝜌), layer thickness (H) parameter, the search range settings of shear wave velocity, and layer thickness 
are shown in Table 3. Model A is a four-layer speed incremental model, model B is a four-layer incremental model 
including a low-speed layer, and model C is a four-layer incremental model including a high-speed layer. The 
frequency range of models A and B is set to 5~100 Hz. The frequency interval is set to 3 Hz. Model C cannot observe 
the fundamental-mode wave when the frequency is higher than 70 Hz. Therefore, its frequency range is set to 
5~70 Hz, and the frequency interval is also set to 3 Hz.
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Model Layer
number

Model parameters Search scope

𝑽𝑺
[m/s]

𝑽𝑷
[m/s]

𝝆
[g/cm3]

H
[m]

𝑽𝑺
[m/s]

H
[m]

A

1 150 498 2.0 2 75~225 1~3

2 200 663 2.0 2 100~300 1~3

3 300 995 2.0 4 150~450 2~6

4 400 1327 2.0 ∞ 200~600 ∞

B

1 200 663 2.0 2 100~300 1~3

2 160 473 2.0 3 80~240 1.5~4.5

3 300 829 2.0 3 150~450 1.5~4.5

4 400 1327 2.0 ∞ 200~600 ∞

C

1 160 521 2.0 2 80~240 1~3

2 250 860 2.0 3 125~375 1.5~4.5

3 200 650 2.0 4 100~300 2.5~7.5

4 400 1327 2.0 ∞ 200~600 ∞

Table 3. Geological parameters and inversion search scope of models A, B, and C.

3.1 Noise-free model inversion

In the actual collected seismic data, the fundamental-mode waves have the characteristics of strong energy, easy 
extraction, and easy extraction. Therefore, the main focus of this paper is on the inversion of shear wave velocity 
for fundamental‑mode waves. To validate and evaluate the applicability of the algorithm, this article first applied 
IWOA in the inversion of dispersion curve data of models A, B, and C without noise. The inversion results are shown 
in Figure 4 and Table 4.

Figures a1, b1, and c1 in Figure 4 represent the dispersion curves before and after inversion for models A, B, 
and C, respectively. The light blue solid lines represent the dispersion curve results for each independent inversion 
run (a total of 20 runs). The green solid lines represent the theoretical dispersion curves. The orange dashed lines 
represent the averaged dispersion curve results over the 20 runs. Figures a2, b2, and c2 in Figure 4 show the shear 
wave velocity structures before and after inversion for models A, B, and C, respectively. The light blue solid lines 
represent the shear wave velocity results for each independent inversion run (20 runs in total). The green solid 
lines represent the true shear wave velocity structures. The orange dashed lines represent the averaged shear 
wave velocity results over the 20 runs. Table 4 provides a statistical summary of the results of IWOA applied to the 
inversion of dispersion curves for both noise-contaminates and noise-free models A, B, and C. Table 4 includes the 
mean, relative error, and standard deviation results for each inversion parameter.
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It can be seen from Figure 4 that the dispersion curve results by IWOA fit well with the theoretical dispersion 
curves for all three models. The inverted shear wave velocity structures also exhibit good agreement with the 
actual shear wave velocity structures, especially the best inversion results in model C. According to the results 
in Table 4, it can be calculated that the average relative errors of models A, B, and C are 0.71%, 1.31%, and 0.53% 
respectively, and the average standard deviations are 2.32, 1.56, and 0.41 respectively. These results indicate that 
IWOA has excellent applicability in the inversion process and can accurately and effectively invert the Rayleigh 
wave dispersion curve.
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Figure 4. Inversion results of noise-free data of models A, B, and C. Dispersion curves (a1, b1, c1); Shear wave velocity 
structures (a2, b2, c2).
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3.2 Noise-contaminated model inversion

The three models established above do not contain any noise. However, when seismic data are collected in the 
field, they are often subject to various interferences, causing the collected seismic data to contain noise signals. 
Noise-contaminated seismic data can have a certain impact on the extraction of dispersion curves [Zhang, 2003], 
affecting the accuracy of inversion results. Therefore, to examine and evaluate the impact of noise-contaminated 
Rayleigh wave data on IWOA performance, random noise with an amplitude based on 10% of the phase velocity mean 
value as perturbations was added to the above models A, B, and C. Then, IWOA was applied to invert the dispersion 
curves on the three models. The inversion results can be found in Figure 5 and Table 4. The noise addition formula 
is as follows:

(19)

Where  represents the dispersion curve data after adding noise; 𝑣 represents the original dispersion curve data, 
𝑁 represents the number of dispersion points of the Rayleigh surface wave, 𝑟𝑎𝑛𝑑 represents a random number 
between 0 and 1, and the formula 𝑟𝑎𝑛𝑑 – 𝑟𝑎𝑛𝑑 is to increase randomness.

Figures a1, b1, and c1 in Figure 5 represent the dispersion curves before and after inversion for models A, B, 
and C, respectively. The light blue solid lines represent the dispersion curve results for each independent inversion 
run (a total of 20 runs). The green solid lines represent the theoretical dispersion curves. The orange dashed lines 
represent the averaged dispersion curve results over the 20 runs. Figures a2, b2, and c2 in Figure 5 show the shear 
wave velocity structures before and after inversion for models A, B, and C, respectively. The light blue solid lines 
represent the shear wave velocity results for each independent inversion run (20 runs in total). The green solid 
lines represent the true shear wave velocity structures. The orange dashed lines represent the averaged shear 
wave velocity results over the 20 runs. Table 4 provides a statistical summary of the results of IWOA applied to the 
inversion of dispersion curves for both noise-contaminates and noise-free models A, B, and C. Table 4 includes the 
mean, relative error, and standard deviation results for each inversion parameter.

From Figure 5, it can be observed that the inversion results for the dispersion curves show a good overall fit with 
the theoretical dispersion curves after adding noise. The reconstructed shear wave velocity structures after inversion 
closely match the actual shear wave velocity profiles, especially the best inversion results in model B. According to 
the results in Table 4, it can be calculated that the average relative errors of models A, B, and C are 3.56%, 1.18%, 
and 1.26% respectively, and the average standard deviations are 0.99, 1.72, and 0.78 respectively. In summary, 
compared with the inversion results of the noise-free model, although the average relative error and average 
standard deviation of the inversion results of the shear wave velocity and layer thickness of the noise-contaminated 
model have increased overall, the changes are smaller. The final inversion results still exhibit a good fit with the 
theoretical dispersion curves. Based on the above discussion, it can be seen that IWOA has good noise immunity 
and can be well applied in the study of noise-contaminated Rayleigh wave dispersion curve inversion.



Surface wave inversion research of IWOA

13

0 20 40 60 80 100
100

200

300

400
single result
actual value
mean result

(a1)

Ph
as

e
ve

lo
ci

ty
(m

/s
)

Frequency (Hz)

(a2)

100 200 300 400 500 600

12

8

4

0
single result
actual value
mean result
search boundary

D
ep

th
(m

)

Vs (m/s)

0 20 40 60 80 100
100

200

300

400
single result
actual value
mean result

(b1)

Ph
as

e
ve

lo
ci

ty
(m

/s
)

Frequency (Hz)

(b2)

100 200 300 400 500 600

12

8

4

0
single result
actual value
mean result
search boundary

D
ep

th
(m

)

Vs (m/s)

0 20 40 60
100

200

300

400
single result
actual value
mean result

(c1)

Ph
as

e
ve

lo
ci

ty
(m

/s
)

Frequency (Hz)

(c2)

100 200 300 400 500 600

12

8

4

0
single result
actual value
mean result
search boundary

D
ep

th
(m

)

Vs (m/s)

Figure 5. Inversion results of noise-contaminated data of models A, B, and C. Dispersion curves (a1, b1, c1); Shear wave 
velocity structures (a2, b2, c2).



Wang Ren et al.

14

Model Inversion
parameters

True
value

Noise-free data Noise-contaminated data

Inversion 
mean

Relative 
error/%

Standard 
deviation

Inversion 
mean

Relative 
error/%

Standard 
deviation

A

VS1 150 150.03 0.26 0.49 152.43 1.62 0.34

VS2 200 200.36 0.41 1.57 203.25 1.62 0.45

VS3 300 300.06 0.27 1.01 304.87 1.62 0.9

VS4 400 400.05 0.26 1.3 406.49 1.62 5.11

H1 2 2 1.19 0.03 2.12 6.02 0.02

H2 2 2.01 1.26 0.03 2.12 6.09 0.02

H3 4 4.02 1.34 0.08 4.25 6.34 0.06

B

VS1 200 200.33 0.47 1.75 201.99 1 1.33

VS2 160 159.46 0.65 1.63 160.75 0.67 0.89

VS3 300 299.09 1.1 4.46 300.38 1.18 6.81

VS4 400 399.12 0.45 2.78 403.89 1.04 2.81

H1 2 1.98 2.33 0.06 2.02 1.25 0.03

H2 3 2.99 1.53 0.07 3.01 1.27 0.05

H3 3 2.93 2.66 0.16 2.99 1.86 0.14

C

VS1 160 159.98 0.18 0.43 158.09 1.2 0.54

VS2 250 249.97 0.18 0.67 247.21 1.12 1.13

VS3 200 199.98 0.18 0.54 198 1.29 1.93

VS4 400 399.95 0.18 1.07 394.93 1.27 1.7

H1 2 2 0.97 0.03 2 1.27 0.03

H2 3 3 0.94 0.04 2.99 1.36 0.05

H3 4 4.01 1.07 0.06 4 1.31 0.07

Table 4. Statistical table of inversion results of models A, B, and C with and without noise.
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3.3 Multi-mode data inversion

In some simple geological models, the dispersion curve of the Rayleigh waves is typically dominated by the 
fundamental-mode waves. However, when the geological models contain complex models such as low-velocity 
layers, higher-mode waves may develop in the high-frequency portion of the dispersion curve. At this time, joint 
inversion of the dispersion curves of multiple modes can improve the accuracy of the inversion results. Therefore, 
to demonstrate whether IWOA can adapt to multi-mode dispersion curve inversion and improve the accuracy of the 
inversion results, model B containing a low-speed interlayer was adopted as an example in this paper. High-mode 
mode data was added to the fundamental-mode wave data of its original model B, and then IWOA was used to 
invert the noise-free and noise-contaminated data containing multi-mode data. The inversion results are shown 
in Figure 6, and the error analysis is presented in Table 5. The algorithm’s parameter settings remain consistent 
with those described in Section 3.1.

In Figure 6, it can be seen that whether it is a noise-free model or a noise-contaminated model, the dispersion 
curve obtained by the inversion model and the multi‑mode theoretical dispersion curve fit well (Figure 6a1 and 6b1), 
and the true values of each model parameter can be well inverted and reconstructed (Figure 6a2 and 6b2). This paper 
calculated and compared the inversion results for fundamental-mode data (Table 4, model B) only and multi-mode 
data (Table 5). It was found that the average relative error (with 10% noise) decreased from 1.18% to 1.03%, and 
the average standard deviation decreased from 1.72 to 1.41 when using multi-mode data for inversion. Based on 
the above results, it can be verified that using multi‑mode data for inversion can indeed reduce the multi‑solution 
nature of the inversion and improve the accuracy of the inversion. It also can be indicated that IWOA is not only 
suitable for fundamental-mode dispersion curve inversion but can also be applied effectively to the inversion of 
multi-mode dispersion curves.

0 20 40 60 80 100
100

200

300

400
single result
actual value
mean result

(a1)

Ph
as

e
ve

lo
ci

ty
(m

/s
)

Frequency (Hz)

(a2)

100 200 300 400 500 600

12

8

4

0
single result
actual value
mean result
search boundary

D
ep

th
(m

)

Vs (m/s)

0 20 40 60 80 100
100

200

300

400
single result
actual value
mean result

(b1)

Ph
as

e
ve

lo
ci

ty
(m

/s
)

Frequency (Hz)

(b2)

100 200 300 400 500 600

12

8

4

0
single result
actual value
mean result
search boundary

D
ep

th
(m

)

Vs (m/s)

Figure 6. Multi-mode data of model B inversion results without noise (top) and with noise (bottom). Dispersion curves (a1, 
b1); Shear wave velocity structures (a2, b2).
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Inversion
parameters

True
value

Noise-free data Noise-contaminated data

Inversion 
means

Relative 
error/%

Standard 
deviation

Inversion 
means

Relative 
error/%

Standard 
deviation

VS1 200 201.2 0.67 3.98 198.98 1.05 2.27

VS2 160 159.97 0.18 0.57 159.07 1.13 1.61

VS3 300 300.08 0.13 0.56 298.12 1.1 3.09

VS4 400 400.12 0.13 0.7 399.15 0.78 2.68

H1 2 1.96 2.9 0.18 1.97 1.15 0.06

H2 3 2.99 1.54 0.11 2.96 1.01 0.09

H3 3 3 0.97 0.06 2.97 0.97 0.1

Table 5. Statistical table of inversion results of model B multi-mode data.

3.4 Comparative analysis of algorithms

To verify that IWOA has a stronger search ability than other algorithms, IWOA, WOA, and PSO were used to invert 
the dispersion curves of model A with and without noise in this paper. To maintain consistency, in terms of algorithm 
parameter settings, the population number of the three algorithms was set to 20, the number of iterations was set 
to 100, and the number of inversions was set to 10. The convergence curves of the three algorithms (the average of 
10 convergence curves) are shown in Figure 7. The shear wave velocity results (the average of 10 inversion results) 
inverted by the three algorithms are shown in Figure 8. Table 6 shows the parameters of the inversion of the three 
algorithms, namely the minimum fitness value, inversion time, and relative error (all are the average results of 
10 inversions).

It can be observed from Figure 7a (noise-free model) that in the process of 100 iterations, PSO (orange) is 
in the convergence state after about the 10th iteration, WOA (red) enters the convergence state around the 
40th iteration but converges process is unstable, and the IWOA (blue) reaches convergence at iteration 93. In 
Figure 7b (noise-contaminated model), it can be observed that in the process of 100 iterations, PSO (orange) 
almost converges after the 60th iteration, WOA (red) enters the convergence state after about the 20th iteration, and 
IWOA (blue) shows convergence around the 80th iteration. As can be seen from Table 6, although IWOA requires 
more iterations and time to reach the convergence state, the convergence process of IWOA is the most stable and 
the final fitness value is also the smallest. It can also be seen in Figure 8 that the shear wave velocity results of IWOA 
inversion are closest to the real model among the inversion results of the three algorithms. In general, compared 
with WOA and PSO, IWOA has the best performance in the inversion of the two models. At the same time, it also 
proves that this algorithm has strong competitiveness and broad development space in the field of dispersion curve 
inversion.
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Figure 7. The convergence processes of the algorithm in model A without noise (a) and with noise (b).
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Figure 8. Inversion results of shear wave velocity structures in model A without noise (a) and with noise (b).

Algorithms

Noise-free data Noise-contaminated data

Minimum 
fitness value

Inversion 
time/s

Relative 
error/%

Minimum 
fitness value

Inversion 
time/s

Relative 
error/%

PSO 6.13 315 3.67 7.63 320 7.9

WOA 0.96 712 4.74 6.73 756 3.39

IWOA 0.53 727 0.08 5.12 807 3.27

Table 6. Statistical table of inversion results of model A data.
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4. Measured data inversion analysis

To further verify the inversion ability of IWOA applied to measured seismic data, this paper selected measured 
data from two regions and inverted the fundamental-mode and multi-mode dispersion curves respectively.

4.1 Data A

Data A is the measured surface wave data collected at the A2 test point around Arnarbæli on the Ölfusá River in 
southern Iceland. The geographical location of the Arnarbæli study area is shown in Figure 9. Regarding the collection 
of seismic records, 24 geophones with a main frequency of 4.5 Hz, a channel spacing of 1 m, a gun detection distance 
of 10 m, a hammered source for the source, and a sampling frequency of 1000 Hz [Olafsdottir, 2016]. Figure 10a 
displays the collected seismic records, and Figure 10b shows the dispersion energy map extracted from the collected 
seismic records. It can be seen from Figure 10b that the fundamental-mode dispersion curve is well developed, so 
the fundamental-mode data of the measured data was selected for inversion in this paper. The various inversion 
parameter settings are the same as the theoretical model test. Refer to the parameter settings in [Olafsdottir, 2016; 
Chen et al. 2023]] to set the geological parameters of each layer and the model search range. The geological model 
parameters and search scope for the inversion are shown in Table 7.

Figure 9. Geographical location of the Arnarbæli study area.
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Figure 10. Measured seismic data (a) and dispersion energy map (b).

Layer 
number

Geological parameters Search scope

H
[m]

𝑽𝑺
[m/s]

𝑽𝑷
[m/s]

𝝆
[g/cm3]

𝑽𝑺
[m/s]

H
[m]

1 0.8 78 1440 1.85 60~90 0.2~1.2

2 0.5 80 1440 1.85 70~100 0.2~1.2

3 0.7 92 1440 1.85 80~110 0.2~1.2

4 1.2 111 1440 1.85 90~130 0.4~2

5 1.9 141 1440 1.85 100~180 0.4~2

6 3 184 1440 1.85 130~240 1.8~4

7 4.7 230 1440 1.85 180~280 3~5.5

8 7.5 277 1440 1.85 230~330 5.8~9

9 5.2 350 1440 1.85 300~400 4~6

10 ∞ 350 1440 1.85 300~400 ∞

Table 7. Estimated geological parameters and model parameters search range [Olafsdottir, 2016; Chen et al. 2023].

The inversion results are shown in Figure 11. Figure 11a shows the comparison between the dispersion curve 
obtained from the IWOA inversion (red line) and the real dispersion curve (black dots). It can be seen from Figure 11a 
that the real dispersion curve fits the dispersion curve obtained by the inversion very well. Figure 11b shows the 
change in the objective function value during the iterations for the IWOA inversion. It can be seen from Figure 11b 
that IWOA reaches the convergence state around the 90th iteration, and the final fitness value is relatively low. 
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Figure 11c shows the shear wave velocity structures of the IWOA inversion result(red line), the real velocity 
structure[Olafsdottir, 2016] (orange line), and the velocity structure resulting from the hybrid particle swarm 
optimization algorithm (HPSO) [Chen et al., 2023] (blue line). It can be seen from Figure 11c that there is a certain 
deviation between the shear wave velocity structure inverted by IWOA and the actual shear wave velocity structure, 
but the overall consistency is high. Compared with the inversion results of HPSO, the shear wave velocity structure 
inverted by IWOA is closer to the real shear wave velocity structure, especially in the shallow area of 0-12 meters. 
While in the deeper subsurface layers, the inversion result of IWOA is slightly worse than those of HPSO. Based on 
the above analysis, it can be concluded that IWOA is effective in inverting Rayleigh wave dispersion curves from 
measured data, and the inversion results in shallow layers are more credible.
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Figure 11. The measured data A inversion results. Dispersion curve results (a); Convergence processes (b); Shear wave 
velocity results (c).

4.2 Data B

Data B is the measured seismic surface wave data in the Wyoming area of the United States [Xia et al., 2002]. 
Regarding the collection of seismic records, 48 vertical component geophones with a main frequency of 8 Hz, a 
6.3 kg hammer source, a channel spacing of 0.9 m, and a minimum offset of 0.9 m. Figure 12a displays the collected 
seismic records [Xia et al., 2002], and Figure 12b shows the dispersion energy map extracted from the collected 
seismic records [Xia, 2002]. It can be seen from Figure 12b that there are multi-mode dispersion curves (black dots). 
According to Section 3.3 of the article, it can be seen that multi-mode dispersion curves can improve the accuracy of 
inversion. Therefore, this article chooses to use multi-mode dispersion curve data for joint inversion to ensure that 
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high-precision inversion results can be obtained. The various parameter settings of the inversion are the same as 
those of the theoretical model test. According to the lithology division and shear wave velocity in the well logging 
data in the study area, the underground medium can be roughly divided into five layers. The estimated Poisson’s 
ratio and density values for each layer, as well as the search range for shear wave velocity and layer thickness 
[Cai et al., 2018] are shown in Table 8.

Figure 12. Measured seismic data (a) and dispersion energy map (b).

Layer number

Geological parameters Search scope

Poisson’s
ratio

𝝆
[g/cm3]

𝑽𝑺
[m/s]

H
[m]

1 0.38 2 100~300 1~5

2 0.38 2 100~400 1~5

3 0.35 2 100~600 1~5

4 0.35 2 200~600 1~5

5 0.30 2 200~800 ∞

Table 8. Estimated geological parameters and model parameters search range [Cai et al., 2018].

The inversion results are shown in Figure 13. Figure 13a is a comparison diagram between the dispersion 
curve (red line) obtained by IWOA inversion and the actual dispersion curve (black dots). As can be seen from 
Figure 13a, the real dispersion curves of the fundamental-mode and high-mode are in good agreement with the 
dispersion curve inversion results. Figure 13b shows the change in the objective function value during the iterations 
for the IWOA inversion. As can be seen from Figure 13b, IWOA reaches the convergence state at the 55th iteration, 
and the entire convergence process is relatively stable. Figure 13c shows the shear wave velocity structures of the 
IWOA inversion result(red line), the velocity structure logging data [Xia et al., 2002] (orange solid line with black 
diamonds), and Xia’s inversion results [Xia, 2014] through a local linear optimization algorithm (blue solid line with 
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black dots). It can be seen from Figure 13c that the IWOA inversion results and the logging data fit well. Compared 
with Xia’s inversion results, IOWA’s inversion results are better in the range of 5~12m in the middle stratum. Based 
on the above analysis, it can be concluded that for measured surface wave data containing multi-mode dispersion 
curves, the inversion of IWOA can still achieve good results, which can solve practical work and problems effectively.
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Figure 13. The measured data A inversion results. Dispersion curve results (a); Convergence processes (b); Shear wave 
velocity results (c).

5. Conclusion

This paper introduces the IWOA in the study of the Rayleigh wave dispersion curve inversion by improving the 
traditional WOA from two aspects: population initialization and adaptive weight coefficient. Firstly, two complex 
multimodal functions are used to test the optimization ability of the algorithm. Secondly, IWOA is applied to the 
inversion analysis of the fundamental-mode and multi-mode Rayleigh wave dispersion curves of the theoretical 
model with and without noise. Then, the IWOA, PSO, and WOA were used for comparative analysis experiments. 
Finally, IWOA was applied in the dispersion curve inversion analysis of the measured data. The following conclusions 
were drawn:
1) In the optimization test of two complex multimodal functions, the results show that IWOA can converge well to 

the theoretical solution. Compared with traditional WOA, the capabilities of global search and jumping out of 
local optimal solutions of IWOA are significantly improved.
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2) In the dispersion curve inversion of three theoretical models with noise and without noise, IWOA can get 
higher-precision inversion results and the inversion results are very close to the theoretical models, which proves 
that IWOA has the advantages of high applicability and good noise resistance. At the same time, IOWA can also 
be applied to the inversion of the dispersion curve of multi-mode Rayleigh surface waves to improve the accuracy 
of inversion results. Compared with PSO and WOA, IWOA has higher convergence accuracy and a more stable 
convergence process. In summary, the IWOA has a good development potential and broad development space 
in the field of surface wave dispersion curve inversion in the future.

3) In the dispersion curve inversion of measured data, the velocity structure obtained by IWOA inversion is basically 
consistent with the real data, especially in shallow strata, which have better inversion results. The dispersion 
curve is highly consistent with the real dispersion curve, which also verifies the practicability of IWOA. Regarding 
the relatively less favorable results in deep subsurface inversion, my next step is to consider integrating the 
IWOA with other global nonlinear algorithms to jointly invert the dispersion curve to improve the accuracy of 
the inversion results of deep strata.

4) Measured data analysis shows that whether it is the global optimization algorithm or the IWOA algorithm used in 
this article when the dispersion curve is fully fitted, the inversion results are still not highly consistent with the 
real model, and there are certain errors. This is mainly due to multiple interpretations of inversion. Therefore, in 
addition to studying the algorithm itself, more prior information should be integrated into the objective function 
and constrained based on extracting multi-mode dispersion curves and reducing the solution space in actual 
data processing to reduce the multiple solutions of the inversion.
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