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Abstract

This work proposes an application of Cellular Nonlinear Networks  (CNNs) to fluid dynamics, 
implemented towards the application to geophysical flows. We revisit the CNN paradigm for the 
solution of Partial Differential Equations with a focus of some main physical properties of geophysical 
flows. We address numerical aspects of the obtained model, including the treatment of boundary 
conditions, stability and correctness of the results. This is done by applying our method to canonical 
testcases and comparing the results with accepted benchmark data and analytical solutions from the 
literature. The parallelizability of the method is also assessed by means of benchmarking tests on 
a multi-core processor. We validate the model by simulating classical geophysical flows. The results 
that we present show the capability of the model to reproduce typical velocity profiles of viscous 
flows, making it promising for applications that require the simulation of such materials.
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1. Introduction

The simulation of fluid dynamics phenomena is a key topic in the field of nonlinear systems, especially when aiming
to understand and forecast complex phenomena such as the behavior of fluids with peculiar properties, like lava or 
gas plumes. These phenomena show a complex nature, characterized by multiple interactions between many different 
physical and chemical variables. Understanding and simulating these processes poses a great scientific challenge and 
becomes essential for monitoring tasks and prevention in those regions with high risk of volcanic activity.

A significant challenge in geophysical modeling involves finding a compromise between two opposite 
requirements: increasing the physical accuracy of the simulation and reducing computational cost, that could 
result in unpractical computation times (Zago et al., 2023). There exist many different approaches to modeling 
geophysical flows, ranging from highly detailed numerical models, such as Smoothed Particle Hydrodynamics (SPH) 
(Zago et al., 2017), to simpler grid-based analytical methods like Cellular Automata (Miyamoto and Sasaki, 1997; 
Rongo et al.,  2016). The choice of the compromise is functional to the application: numerical models provide 
a detailed representation but at a high computational cost, while Cellular Automata produces fast results at the 
expense of generalizability to different physical scenarios.
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Here we repropose the Cellular Nonlinear Network (CNN) approach (Chua and Yang, 1988a, 1988b; Del Negro 
et al., 2005; Kozek et al., 1995; Roska et al., 1995) to the problem as a further compromise option between detailed 
physical modeling and computational efficiency. CNNs have a structure consisting of many simple units with a local 
connectivity pattern capable of representing generic complex spatio-temporal phenomena. This approach directly 
operates on governing equations, guaranteeing accurate and versatile simulations, especially when compared to 
Cellular Automata or empirical models.

The CNN paradigm was originally conceived as an electronic implementation of a solver for Partially Differential 
Equations  (PDEs) and image processing techniques in real-time, that exploits the simultaneous cooperation of 
electronic analog cells to obtain solutions in convenient times.

Other than relying on electronic implementation, the solving paradigm can be implemented numerically. 
In this context the intrinsic parallel nature of CNNs is of fundamental interest, considered the growing adoption 
of High-Performance Computing (HPC) architectures, which keep achieving new levels of parallelization. Beside 
modern CPUs, that offer great parallelization capability, scientific modeling is experiencing an expanding adoption 
of Graphic Processing Units (GPUs), which confer noticeable computational benefits to algorithms with an intrinsic 
parallel nature  (Hérault  et  al.,  2010; Zago et  al.,  2018). Moreover, newer computing architectures like Tensor 
Processing Units (TPUs) (Wang et al., 2019) offer deeper levels of parallelization, performing tensorial operations 
at extremely high efficiency thanks to their dedicated hardware.

Considering the momentum on Hardware parallelization, we revisit the CNN paradigm applied to the simulation 
of geophysical flows. Our work extends the developments of (Del Negro et al., 2005) that firstly studied the feasibility 
of the method applied to geophysical flows, specifically in the case of simplified lava flows. While their work focused 
on developing a solution with an analog implementation, we proceed with emphasizing the numerical aspects of 
the method with respect to the Eulerian discretization of the equations and their adaptability to a fully digital 
CNN structure. This is achieved by carrying out quantitative validation of the model using benchmark data and 
analytical formulas for well consolidated testcases. This was done while also considering potential improvements 
in computation time.

Another key contribution with respect to their work lies in the method used for pressure computation. In the 
formulation presented we adopted an approach that allows to compute the pressure layer independently, ensuring 
that the velocity vector field remains divergence-free also in the digital implementation, improving stability and 
physical consistency.

Even though a more general formulation can be implemented following the same approach described 
in this manuscript, many geophysical flows, such as lava and low-speed atmospheric flows, under certain flow regimes 
show negligible compressibility characteristics. For this reason, in the rest of this work we will consider a formulation 
for incompressible flows, based on the Navier-Stokes equation for momentum conservation and on the solution of 
the Poisson equation to solve pressure fields, which ensures that the incompressibility constraint is satisfied.

Section 2 of the manuscript presents the description of the CNN formalism adopted. In Section 3 we introduce 
the Navier Stokes equations and their implementation with the CNN approach, with a focus on the solution of the 
pressure field. Then Section 4 presents the validation results.

We also discuss the numerical results of the simulations and the possible application in the context of management 
of volcanic hazard and urban planning.

2. Cellular Nonlinear Networks

The invention of CNN has been correlated to the possibility of implementing highly parallel processing units
in analog (electronic) circuits. This was strongly motivated by real-time applications in image processing.

Moreover, further applicability of CNN has been strongly confirmed over time. In fact, even if CNNs had their 
major impact due to their unique analog electronic features, what has been highly impressive is their structure 
which employs large-scale connections. Indeed, the high-depth processing units have led to the implementation 
of CNN in the discrete time domain, introducing a new parallel computation paradigm exclusively based on the 
CNN structure.

Furthermore, the architecture of CNN based systems aligns perfectly with that of a discretized, inherently 
nonlinear, system of differential equations  (Arena et al.,  2005). This fact has been strongly emphasized in the 
literature (Fortuna et al., 2003).
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Recent studies have demonstrated the versatility of CNN architecture in various domains such as neurosciences 
and circuit modeling. This can be found, for example, in the work of (Wu et al., 2024) where a memristive CNN cell 
is used to replicate the spiking behavior of neurons in the brain by adjusting system and input parameters of the cells. 
Also, CNNs have been applied to explore the propagation of impulses in nerve membranes, as shown in the work 
of (Agarwal et al., 2024), where bifurcation study of the model and the emergence of chaos is analyzed. Furthermore, 
the work of (Ma et al., 2024) analyzes the stability and origin of bursting dynamics in a CNN based system, showing 
how these can exhibit different bursting oscillations with one or two periodic forcing signals.

CNNs are dynamical systems consisting of matrix-style interconnected cells. Each of these cells is paradigmatically 
modeled as an electrical circuit with a linear capacitor and a resistor, and a series of voltage-controlled current 
sources. The latter depend on the state of neighboring cells, thus providing the abovementioned interconnection, 
and on external stimuli. An additional nonlinear output stage, usually based on a simple saturation function, is also 
included.

Here we consider Multi-Layer CNNs (ML-CNNs), which are a particular kind of Cellular Nonlinear Network made 
up of many different layers (Roska et al., 1995). Each layer can be associated with a state variable of the modeled 
system.

Based on previous discussion, each cell on layer m can be described by the voltage across its capacitor  . 
This mathematical model can be used to describe its dynamics:

(1)

Where 𝐶 is the value of the cell capacitance, 𝑅𝑐 is the value of the cell resistor, 𝐼 is an external input to the cell. Eq. (1) 
states that the rate of change of state variable 𝑢𝑖,𝑗 depends on itself and on its own input. Moreover, it is influenced 
by the cells that are in its neighborhood. The following set can be utilized to define the radius of connectivity, 
named as the 𝑟‑neighborhood:

(2)

Furthermore, we have the nonlinear function  that accounts for the effect of the neighborhood 
state variables from layer 𝑚′, while the nonlinear function   weights the effects of external 
inputs on neighboring cells on the dynamic of the cell.

We consider a 1‑neighborhood CNN. This choice is justified, as we will see in the next section, by the fact that 
many physical problems are described by Partial Differential Equations (PDEs) that are at most of second order. By 
applying a central discretization scheme, the influence of a cell is limited only to adjacent neighbors. Therefore, 
we can express in the previously defined functions that characterize the strength of the interactions in a more 
compact way:

(3)

(4) 

 In particular, the matrices 𝐴𝑚′𝑚 and 𝐵𝑚, which are referred to as feedback templates and control templates 
respectively, fully specify how a layer 𝑚′ interact with layer 𝑚 and how external inputs affect the cell.
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This general formulation allows us to represent with CNNs a wide plethora of spatio-temporal phenomena. 
The exact choice of the templates, in fact, allows us to map a specific dynamic onto the CNN paradigm.

2.1 Boundary conditions

Given that CNNs are mainly used to solve boundary value problems, properly handling the boundary conditions 
is fundamental to maintain physical reliability and proper stability of the simulation. These practically consist 
in defining the behavior of the previously described structure at the border of the domain by imposing which value 
the state variables must assume at said border.

There are several possible choices for the boundary conditions. For example, Dirichlet Boundary Conditions 
consist in fixing the value of the variable to a constant; Periodic Boundary Conditions enforce a repeating pattern 
at the domain boundaries; Neumann boundary conditions consist in fixing the gradient of the considered field to 
a constant.

By properly choosing the boundary conditions it is possible to model different characteristics. Hence, by fixing 
the value of the velocity to zero, we model the effect of stationary walls, while imposing the velocity to a specific 
value models inflow/outflow regions (inlets and outlets).

In the following, we will describe the general procedure to discretize a Partial Differential Equation  (PDE) 
problem and apply it to a CNN structure.

3. Governing equations

Many natural phenomena can be described by PDEs where derivatives do not exceed the second order. Examples 
can include Maxwell’s equations, the heat equation, and reaction-diffusion equations. For such equations finding 
a general analytical solution can be difficult and sometimes impossible. For this reason, for many complex problems, 
it can be useful to adopt numerical techniques.

We propose to use central differencing scheme for discretizing the derivatives, as it is second order accurate 
approximation (LeVeque, 2007), thus having:

	 � (5)

	 � (6)

 Eq. (5) and (6) show a general formulation with  spatial variables. In this work we consider a two-dimensional 
domain, given that extending it to higher dimensions is straightforward.

We choose a uniform step size ℎ and a grid of 𝑀×𝑁 discrete points in space. Then 𝐿𝑥 and 𝐿𝑦, which are the lengths 
of the simulated domain in the 𝑥‑direction and in the 𝑦‑direction respectively, can be obtained as 𝐿𝑥 = 𝑀 ∙ ℎ and 
𝐿𝑦 = 𝑁 ∙ ℎ.

By computing Eq. (5) for each cell, the PDEs are approximated by a set of 𝑀×𝑁 Ordinary Differential Equations 
(ODEs) with respect to the time variable.

This formulation is easily adapted to the CNN modeling paradigm because spatial derivatives have been converted 
to terms that depend on neighboring cells. The main advantage of this approach lies in its applicability to many 
physical systems, including the ones mentioned above.

We remark that, in the case where systems have derivation order higher than two the same modeling technique 
can be exploited but increasing the considered neighborhood to account for the higher order of differentiation.

Here we summarize the procedure to model a physical system with the CNN paradigm. These steps are quite 
general and can be applied to many problems:

	– Identify the mathematical equations that describe the physical system.
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	– Define and then discretize the spatial domain with step size ℎ, obtaining a grid of 𝑀×𝑁 cells.
	– Apply central differencing scheme to spatial derivatives, converting the problem into a system 𝑀×𝑁 ODEs.
	– Construct template matrices, that represent the influence of neighboring cells and external inputs.
	– Define boundary conditions for the cells at the border of the domain.

In the following sections we will introduce and adapt the Navier-Stokes equations to the CNN paradigm.

3.1 Subsection Navier Stokes equations

Fluids are materials that undergo constant and continuous deformation when subjected to a force, and it can be 
difficult to build a mathematical model that completely represents their behavior.

The Navier-Stokes equations, which account for viscosity and interactions with objects, can be used to describe 
the complex mechanics of these materials, like lava flows. In this section we describe the Navier-Stokes equations 
applied only to the solution of incompressible fluids, even though this method could be extended to other kind of 
fluids.

The flow of a fluid can be described by the momentum equation:

	 � (7)

Where 𝑝 is the pressure in [kg m–1 s–2], 𝜌 is the density in [kg/m3], 𝜇 is the dynamic viscosity in [kg m s–1] and 𝐮 is the 
vector of velocities:

	 � (8)

with the components 𝑢(𝑥,𝑦,𝑡) and 𝑣(𝑥,𝑦,𝑡) which are, respectively, the velocities components over the 𝑥‑direction 
and 𝑦‑direction in [m/s].

In our case we suppose to examine incompressible flows, thus we also combine Eq. (5) with the continuity 
equation, written as:

	 ∇ ⋅ 𝐮 = 0� (9)

With the previous assumption, we can apply the divergence to Eq. (5) thus obtaining the pressure Poisson 
equation:

	 � (10)

Eq. (5) and (8) can be used to get three equations, with the three unknowns 𝑢, 𝑥 and 𝑝 for each point in space.
No exact solutions exist for solving the Navier Stokes equations, hence the only feasible way for determining 

how the flow develops is through numerical solution of the differential equations.
Supposing that we are interested in a solution over a confined domain Ω with:

	 � (11)
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we can discretize it spatially with space steps Δ𝑥 and Δ𝑦. So, for a function 𝑢(𝑥,𝑦,𝑡) we can write:

	 � (12)

We implement the Navier Stokes equations by means of a two-layers CNN handling the two velocity components. 
If the spatial resolution is high enough, i.e. Δ𝑥 and Δ𝑦 are small, we can make the following approximations:

	

	

	 � (13)

At first, we write Eq. (5) explicitly for each component, which results in:

	 � (14)

Then, applying the previously defined approximations for the spatial derivatives, we may discretize:

	

	 � (15)

In this way we have a set of nonlinear ordinary differential equations in the variables 𝑢𝑖,𝑗 and 𝑣𝑖,𝑗
Following the CNN approach, we can write the state equation of the velocity along the x-direction as:

	

	 � (16)

Where we indicate with the symbol “*” the sum of the inner product, i.e. the Frobenius matrix product. The other 
matrices are spatial dependent terms that are hereby defined as:
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	 � (17)

In addition, we can define for each state variable the neighbor matrix, like in the case of the discretized variable 𝑢𝑖,𝑗:

	 � (18)

To investigate the Poisson Eq. (8) and to find a solution, the discretized differential operators of Eq. (11) and 
Eq. (8) are applied to both sides of the equations. For the left-hand side (LHS) we simply have:

	 � (19)

while for the right-hand side (RHS) we can write:

	

	

	 � (20)

Combining the two equations above we obtain a system of linear equations in the unknowns   in the 
domain of interest.

When applying temporal discretization to this problem, a further consideration has to be made. In this way 
we have no guarantee that the velocity vector field remains divergence free and, to enforce this incompressibility 
condition, we consider a corrective term. This compensates for the instabilities that come from numerical errors 
building up during simulation. To guarantee that the vector field 𝑢 is solenoidal, we consider the pressure projection 
method by (Chorin, 1968) so the following correction has to be kept into account:

	

	 � (21)

Where we assumed ℎ = Δ𝑥 = Δ𝑦. To compute the pressure layer, we have to solve the linear system of equations 
in (19). A possible way for solving a sparse linear system is to apply one of the existing methods, like Jacobi or 
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Gauss-Seidel over-relaxation method (Barrett et al., 1994). In our case, in order to keep computational times short, 
we proceeded by vectorizing the matrix of 𝑀×𝑁 unknowns 𝑃 and directly solving for it:

	 � (22)

where matrix 𝐴 has been appropriately defined according to the following rules:
	– if 𝑝𝑖,𝑗 belongs to the boundary we assign the corresponding term of matrix A to 1 and the term of the vectorization 
of b to the proper value so to have:

	 𝑏 = 𝑝𝑖,𝑗� (23)

	– if 𝑝𝑖,𝑗 doesn’t belong to boundary we assign to the corresponding row the value 1/ℎ2 to the neighbors and −4 on 
the diagonal element

We can then calculate the inverse of matrix A and multiply it on the left to determine P.

4. Numerical Analysis

In this section, we discuss the numerical simulation of a CNN used for solving Navier-Stokes equations 
in a two-dimensional array, standing for a planar section of the fluid. For doing so, it has been written a code 
in python language that solves for the spatially discretized equations in Eq. (13), exploiting the simplification 
introduced by the CNN formulation that makes the problem suited for solving it with the calculator.

The equations have been solved using Euler method for discretizing the time derivative of the state variables:

	  � (24)

	 � (25)

We are adapting a PDE problem to a CNN, and for this reason, the same rules that apply with discretized PDEs 
must be considered here. The time step Δ𝑡 must be chosen accordingly to ensure that the simulation is numerically 
stable.

For a viscous fluid we consider two stability conditions (Zago et al., 2018), that are derived by the effect of the 
flow velocity:

	– One that depends on the maximum magnitude of the flow velocity

	

	– And one that depends on the viscous diffusivity:

	

Where 𝑢 and 𝑣 are the velocity components along the 𝑥‑direction and the 𝑦‑direction respectively. The step size has 
to be chosen small enough to maintain numerical stability but it must also be large to produce faster simulations.
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Next, we proceed with presenting a few scenarios analyzed using the model described in the previous section, 
examining their outcomes, and validating the effectiveness of the proposed approach.

For this analysis, we define some useful parameters for the simulations such as the Reynolds number. 
This is a dimensionless number that expresses the ratio between inertial forces and viscous forces, and can be 
derived as:

	 � (26)

where 𝐿 is the characteristic length of the system, 𝑈 is the speed of the flow and 𝜈 is the kinematic viscosity of the 
fluid. This indicator can be used to estimate the nature of the motion and whether the flow regime is laminar or 
turbulent.

Also, the main aim of this task is to validate the numerical accuracy of the model and its capability to manifest 
generic scenarios. For this reason, the physical parameters of the systems have been properly chosen to assess that 
the latter arise correctly.

4.1 Simulation of a lid-driven flow

The first experiment to confirm the model behavior consists of a simulation of a lid-driven flow within a cavity. 
Lid-driven Cavity flow is a classical computational problem used as a standard validation example (Peng et al., 2003; 
Hou et al., 1995). Even though this setting does not provide general validation capabilities, it can be useful to 
highlight the capacity of the software to set flexible boundary conditions.

(a)

(c)

(b)

Figure 1. �Streamline plots of the vector field for the lid driven cavity flow at regime with Reynolds Number (a) 100, 
(b) 400 and (c) 1000. As the Reynolds number increases, the primary vortex shifts position, moving towards the 
geometrical center of the cavity. In addition, secondary vortices increase in side, with their origin also translating 
towards the center.
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The lid-driven flow scenario depicts a phenomenon that might not be present in physical scenarios directly 
related to lava flows but can be useful to assess the capability of the software to reproduce real spatio-temporal 
dynamic processes.

The validation procedures is related to the results of (Ghia et al., 1982), considered as a valid benchmark for fluid 
dynamics simulations. In this work the authors report the results of the simulation for a domain Ω consisting of a box 
with four walls, where we indicate with 𝑙𝐼, 𝑙𝑇, 𝑙𝑅, 𝑙𝐵 the left, top, right and bottom wall respectively. The dimensions 
of the box are of 𝑥𝑚𝑎𝑥 = 1 m and 𝑦𝑚𝑎𝑥 = 1 m. The domain has been discretized with a grid 129x129, thus leading 
to a space step of ℎ = 1/129 m. Then the simulation has been repeated for various values of Reynolds number 𝑅𝑒. 
For this case the following boundary conditions were considered: at the top wall 𝑢𝐼𝑇 = 1 m/s and 𝑣𝐼𝑇 = 0 m/s, while 
𝑢 = 0 m/s and 𝑣 = 0 m/s on all the other walls.

The image in Fig. 1 shows the outcome of a simulation at regime and highlights the behavior induced in the cavity 
by the movement at the upper lid. Flow appearing as going through the walls is a border effect of the streamline 
representation.

The obtained results are consistent with those in (Hou et al., 1995), where some discrepancies on the onset of 
vortices at the cavity corners are associated with the adopted spatial resolution of the plotting library. The comparison 
shows how, increasing the Reynolds number, the pictures show stronger circulation of the flow, with a corresponding 
increase in the size and prominence of the corner vortices.

Table 1 presents the locations of the primary, lower-left, and lower-right vortices for Reynolds numbers of 100, 
400, and 1000. A comparison between our findings and those reported by (Hou et al., 1995) show good agreement 
and low percentage error between our results and previous the previously cited work.

To further reinforce the validity of our approach the results have then been compared to the tabbed 
data of (Ghia et al., 1982) to show the numerical consistency.

In Fig. 2 the 𝑢‑velocities and the 𝑣‑velocities are reported along the vertical and the horizontal center 
lines, respectively, and are compared with the reference data. This comparison shows a good correspondence 

Re
Primary vortex Lower left vortex Lower right vortex

𝒙 [m] 𝒚 [m] 𝒙 [m] 𝒚 [m] 𝒙 [m] 𝒚 [m]

100

a) 0.6196 0.7373 0.0392 0.0353 0.9451 0.0627

b) 0.6124 0.7326 0.0310 0.0388 0.9380 0.0620

Error [%] 0.72% 0.47% 0.82% 0.35% 0.71% 0.07%

400

a) 0.5608 0.6078 0.0549 0.0510 0.8902 0.1255

b) 0.55426 0.6046 0.0465 0.0465 0.8760 0.1162

Error [%] 0.65% 0.32% 0.84% 0.45% 1.42% 0.93%

1000

a) 0.5333 0.5647 0.0902 0.0784 0.8667 0.1137

b) 0.5349 0.5659 0.0775 0.0775 0.8605 0.1162

Error [%] 0.16% 0.12% 1.27% 0.09% 0.62% 0.25%

Table 1. �Location of primary, lower left and lower right vortex for Reynolds number equal to 100, 400 and 1000. 
a) (Hou et al., 1995); b) present work. The relative error is expressed in percentage respect to the domain length.
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between the work of this paper and the results in literature, especially for 𝑅𝑒 = 100 and 𝑅𝑒 = 400. For 𝑅𝑒 = 1000 the 
correspondence remains high even though discrepancies can be observed near the local maxima and minima. These 
discrepancies can be attributed to sharper velocity changes and increasing turbulence of the flow. However, the 
observed numerical accuracy remains high and confirms the robustness of CNN approach regarding the simulation 
of such flows.

4.2 Vortex shedding

As a second case study, the emergence of vortex shedding around an obstacle put inside a canalized flow has 
been investigated. This is a physical phenomenon consisting in the formation of alternating vortices downstream 

(a) (d)

(c) (f)

(b) (e)

Figure 2. �𝑢‑velocity profile along vertical centerline, corresponding to 𝑥 = 0.5 m, with Reynolds number equal to (a) 100, 
(b) 400 and (c) 1000 digitized profiles. On the right column v-velocity components along the central horizontal 
line, corresponding to 𝑦 = 0.5 m, with Reynolds number equal to (a) 100, (b) 400 and (c) 1000. The obtained results, 
indicated with blue lines, are compared with (Ghia et al., 1982) digitized profiles, indicated with red asterisks.
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the obstacle if certain conditions of speed, size, and shape are met, and is caused by an imbalance between inertial 
and viscous forces. This phenomenon can be the cause for disruptive oscillating stresses on structures  (Billah 
and Scanlan, 1991) hence its analysis is crucial in engineering. Moreover, this phenomenon can have practical 
implications in geophysical contexts such as airflows around volcanic domes.

We consider a domain Ω corresponding to a channel with 𝑥𝑚𝑎𝑥 = 9 m and 𝑦𝑚𝑎𝑥 = 3.5 m and a circular obstacle. 
Adopting a spatial discretization step ℎ = 0.06 m we obtain a domain of (150×70) cells.

The velocity at the top and at the bottom of the channel is set to 0 m/s. On the vertical side edges of the domain, 
we set a constant velocity of 𝑈 = 5 m/s so that they act as an inlet (on the left) and as outlet (on the right). To ensure 
that vortex shedding happens we consider a Reynolds number of 350. Considering 𝜈 = 0.01 m2/s, 𝜌 = 1 kg/m2 it 
corresponds to a diameter of the obstacle 𝑑𝑠 = 0.6 m.

 The circle is positioned close to the inlet, centered at cell 25×30, hence slightly under the channel midline. 
This slight asymmetry helps the onset of vortex shedding.

The results obtained, shown in Fig. 3, reproduce the formation and separation of the vortices beyond the circular 
obstacle, forming the well-known Kármán Vortex Street. The analysis of the velocity field and of the stream plot offers 

(a)

(b)

Figure 3. �Quiver plot of the velocity field for the canalized flow (a) at 𝑡 = 0.5 s the flow separation process begins  
(b) at 𝑡 = 5 s the flow shows periodic patterns.
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a visual representation of the process, highlighting the presence of periodic structures generated. This successful 
reproduction suggests the accuracy of the model for capturing this specific nonlinear and time-dependent complex 
phenomena.

To quantify the spatio-temporal periodicity, we consider the Strouhal number, defined as:

	 � (27)

where 𝑓 is the oscillation frequency, 𝑈 is the inlet flow velocity, and 𝑑𝑠is the circle diameter. For a high enough 
Reynolds number, the Strouhal number is constant and is approximately 0.2.

In our case the measured frequency for the vortex shedding is of 2 Hz, thus leading to a value of the Strouhal 
number of 0.24. While the result is close to the numerical value, the slight discrepancy can be attributed to the 
channel boundary and to the simplistic integration scheme. In fact, those factors can influence vortex formation 
and shedding frequency because of the reflecting conditions of the boundaries and numerical integration errors.

Despite this mismatch, the model still demonstrates to reproduce qualitative and quantitative aspects of vortex 
shedding. This confirms also the ability of the approach to reproduce unsteady flows and to go beyond laminar ones.

4.3 Poiseuille flow

In order to further numerically assess the goodness of the model for applications to geophysical flows, specifically 
with regards to the viscous effect, we consider a simulation of a Poiseuille flow with uniform external acceleration 
as a validating example as in (Bilotta et al., 2022).

In this case, we set the domain Ω of (50×50) cells with ℎ = 0.05 m, no-slip boundary conditions at 𝑦 = 0 and 
𝑦 = 2.5 m, and periodic boundary conditions on 𝑥 = 0 m and 𝑥 = 2.5 m. This allows us to approximate an infinite 
length pipe. The main objective of this task is to verify that the simulation can reproduce the analytical terminal 
velocity profile of a viscous flow along the direction orthogonal to the acceleration which is parabolic according to 
the following law:

	 � (28)

Here 𝑢(𝑦) is the flow velocity, 𝜌 is the fluid density, 𝑔 is the uniform external acceleration, 𝜈 the viscosity term and 
𝐿 is the width of the channel.

If we set 𝜈 = 1 m/s2, 𝜌 = 1 kg/m2, then 𝐿 = 48 * 0.05 = 2.4 m and 𝑢(0) = 0.072 m/s.

(a) (b)

Figure 4. �(a) Velocity profile for a section of the flow in the case of analytical results and simulation. (b) Time evolution 
of the velocity for a single cell set at the middle reaching regime velocity.
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The results of the comparison are shown in Fig. 4 and confirm the accuracy of the numerical discretization 
utilized and the ability of the model to reproduce this physical phenomenon.

4.4 Comparison of the performances using multi-core architecture

 To assess the efficiency of the proposed model and the achievable improvements of the architecture brought 
by new computing architectures, it has been used a modern multicore CPU, with parallel execution managed by 
the Numba v0.60 (Lam et al., 2015) Python package. This is a just-in-time (JIT) compiler for Python that optimizes 
computational performance by translating the instructions in efficient machine code. This is well suited for our case, 
in which we have many parallelizable loops over rows and columns of matrices, allowing to significantly speed-up 
the execution while keeping the simplicity offered by python environment.

Domain Size [Cells]

Time [s]

MC/SC

Single-core (SC) Multi-core (MC)

30x30 16,74 2,25 7,44

40x40 30,42 3,82 7,96

50x50 49,99 5,99 8,35

60x60 74,00 9,71 7,62

70x70 112,00 13,97 8,02

80x80 149,00 15,46 9,64

90x90 182,00 20,83 8,74

100x100 237,00 33,16 7,15

Table 2. �Time execution for different domain sizes with multi core (MC) and single core (SC) approaches. The MC/SC ratio 
quantifies the gain in performance of the first compared to the latter on an Intel® Core i7 11800H processor.

Table 2 presents the execution times for different domain sizes, comparing single core (SC) performances with 
multi core (MC) using 16 threads (8 Physical) on an Intel® Core i7 11800H processor. These results are obtained 
averaging over 1000 simulation timesteps. The ratio of these simulating times, expressed by MC/SC column, is also 
reported in the table and indicates the speed up in time that is obtained by using parallel execution.

The results indicate a great reduction in computation time when using multi core approach. For the smaller grid 
sizes, such as 30x30, the speedup is approximately of a factor of 7.44. As the domain size increases the computational 
efficiency gain remains approximately constant, suggesting that the workload is spread efficiently across the cores 
of the CPU for different sizes.

In the end this result demonstrates that parallel execution leads to a constant and substantial improvement 
in computational times with a factor of approximately 8.
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5. Conclusions

The results discussed in this paper showed how the implementation of Navier-Stokes equations within the CNN 
paradigm for the simulation of generic fluids, combined with the hardware parallelization of last-gen hardware, 
allows to obtain not only a model that is physically convincing but also more computationally efficient. Even though 
computation time was sensibly reduced, the use of GPUs may further speed up the simulation process. This could 
be of significant relevance for applications that require solving geophysical flows whose formulation is intrinsically 
Eulerian. Examples could be the modeling of volcanic ashes clouds and of volcanic plumes, which can be treated 
as multiphase gaseous flows.

While this work shows the capability of the CNN structure to reproduce classical validation tests, some 
limitations are acknowledged. First, we assumed an incompressible single-phase flow with constant density and 
viscosity. This is a big simplification, given that geophysical flows are, by their nature, multi-phase and can exhibit 
compressible characteristics (e.g. volcanic plumes). Another limitation lies in the absence of a layer to model the 
thermal characteristic of the flow. Interaction with the environment is the main cause for viscosity changes, which 
is a key factor for lava modeling. Lastly, the simulations were carried in domains that are bidimensional. While 
this approach simplifies the implementation of the model and allows it to capture the main features of the flow, it 
also limits the ability to reproduce complexity of real topographies.

Future work aims at considering variable density, multiphase flows and thermal effects to improve the physical 
accuracy of the simulations. Adapting this approach to simulate lava rheology may offer valuable insights for 
volcanic hazard assessment and urban planning.

In brief, the proposed model is capable of reproducing, with a good degree of fidelity, fluid dynamic phenomena like 
the lid-driven cavity phenomenon or the vortex shedding, while improving computational efficiency by exploiting 
parallel multicore computing.
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